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1. The equation of a curve is y=x>-3x+4.
(i) Show that the whole of the curve lies above the x-axis.

(i) Find the set of values of x for which x?—3x+4 is a decreasing function of x

The equation of a line is y + 2x = k&, where & is a constant.
(iii) In the case where k=6, find the coordinates of the points of intersection of the line and the
curve.
[J05/P12/Q10]

(v) Find the value of k for which the line is a tangent to the curve.
The equation of a curve is xy=12 and the equation of a line [ is 2x+y=k where k is a

constant.
(i) In the case where k=11, find the coordinates of the points of intersection of [/ and the curve.

(i) Find the set of values of k for which / does not intersect the curve.
(iii) In the case where k=10, one of the points of intersection is P(2, 6). Find the angle, in
degrees correct to 1 decimal place, between / and the tangent to the curve at P.

[N05/P12/Q9]

Find the value of the constant ¢ for which the line y = 2x +c is a tangent to the curve y* = 4x.
[JO7/P12/Q1]

1
4. Find the real roots of the equation —+— =4 [JO7/P12/Q4]
X x

Determine the set of values of the constant & for which the line y = 4x + k does not intersect the
[NO7/P12/Q1]

curve y = x%

6. The equation of a curve Cis y= 2x2—8x+9 and the equation of a line L is x +y=3.

() Find the x-coordinates of the points of intersection of L and C.
(ii) Show that one of these points is also the stationary point of C. [J08/P12/04]

7. Find the set of values of & for which the line y = kx —4 intersects the curve y = x? - 2x at two
[J09/P12/Q2]

distinct points.
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8.

z :~h intersect at the
e V= ‘r" —-41‘—-7, '»'\}'..u.h inter
(i) The diagram shows the line 2y=x+5 and the cure .
points 4 and B. Find

(a) the x-coordinates of A and B, .
e at B, '

ngent to the curve \ o I .

" o decimal place, between this tangent and the line

the equation of t
o ect to 1

(c) the acute angle, in degrees corT

Jy=x+5. | |
} h the line 2y = r+k does not intersect the curve

(i) Determine the set of values of k for whic [NOI/PI2/01

y= Xt —4x+7.
y = kx, where k is a non-zero constant.

9. A curve has equation y =k’ + 1 and a line has equation |
have no common points.

() Find the set of values of k for which the curve and the line . .
(ii) State the value of k for which the line is a tangent [0 the curve and, for this case, :n] O/t;)u]:
coordinates of the point where the line touches the curve. /! 2/0r,

10. Express 2x? —4x + 1 in the form a(x + b)? + ¢ and hence state the coordinates of the minimum point,
[J11/P11/Q101i,

A, on the curve y =2x? —4x + 1.

11. The equation x’+ px+g¢ =0, where p and g are constants, has roots -3 and 5.

(i) Find the values of p and q.
(i) Using these values of p and g, find the value of the constant r for which the equation

X+ px+q+r=0 has equal roots. [J11/P12/Q3)

-4x+ 7 at two

12. Find the set of values of m for which the line y = mx + 4 intersects the curve =3
[J11/P13/Q2)

distinct points.

13. ;x line has equation y = kx + 6 and a curve has equation y=x*+3x+ 2k, where k is a constant
i) For the case where £ =2, the line and the ¢ i ints ‘
g urve inters i i
AB and the coordinates of the mid-point of 4B. " A poimts A and B Find the disance
i Fi ,
(i) Find the two values of k for which the line is a tangent to the curve (N11/P11/Q9]
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. ;‘l;lz]llk‘]t.t\qtl“‘it)x1 of a curve is y* + 2¢ = 13 and the cquation of a line is 2y + x = k. where & is a con-
(i) llll,,-l\hc case where k = 8, find the coordinates of the points of intersection of the line and the
/C,
(i) Find the valye of k for which the line is a tangent to the curve. [N11/P12/Q4)

15 @i
V() A stra i
S ght line asses . A : MR . ) R
the line. passes through the point (2, 0) and has gradient m. Write down the equation of
(i) Find the o '
value “} two values of m for which the line is a tangent to the curve y = x? —4x ~ 3 For sach
> of m, fi > : . . ) oo o
(i) E m, find the coordinates of the point where the line touches the curve.
CXpress x? - v : . . .
P 4x+5 in the form (x + a)* + b and hence, or otherwise, write down the coordinates

of the minj i
Imum point on the curve. [NI1IP]3 Q7]
le.
4 y=6x+k
y=Tvx
B
A
-1
0 > x

The diagram shows N,
s the curve = i ta v
e Y ="7Jx and the line y = 6x + k, where k is a /
the line intersect at the points A and B ’ ’ o e

() For the case where k=2, find the x-coordinates of 4 and B.

ii) Find the v: - :
@ value of & for which Y =6x+kis a tangent to the curve y=TVx. [J12/P11/Q5]

17. The equati ine i i
0 Iq " ion of ahlmc 18 2y + x =k, where k is a constant, and the equation of a curve is xy = 6.
i N the case where k=8, the line intersects i '
' , the curve at th ts A4 i
the perpendicular bisector of the line 4B. S e i e cqsomof

(ii) F.mcii the sgt of values of k for which the line 2y + x =k intersects the curve xy =6 at two
distinct points. [J12/P13/Q10]

. x . .
18. The line p = ;4'/( » where k is a constant, is a tangent to the curve 4y = x* at the point P. Find

(i) the value of %,
(ii) the coordinates of P. [N12/P12/Q4]

19. A straight line has equation y = -2x + k, where k is a constant, and a curve has equation —ry

(i) Show that the x-coordinates of any points of intersection of the line and curve are given by the

equation 2x? — (6 + k)x + (2 + 3k) = 0.
(ii) Find the two values of k for which the line is a tangent to the curve.
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uch the curve at points 4 and g,
ot R . art (it ) —
The ™o tangens, given by the values of k found in part (i), & [N12/P13/0,,,
(i) Fing 1 . - o of the line AB. /
14 e coordinates of 4 and B and the equation
20 ‘on y = my, where M is a constant.
A curve has equation y =x? - 4x + 4 and a line has equation } | ., ints A and B Find the
M) For the case where m = 1, the curve and the line intersect at (N |
coordinates of the mid-point of 4B. the curve, and find the coordi.
(i) Find the non-zero value of m for which the line is a tangent t0 ['.lljl/PlI/Qﬂ
nates of the point where the tangent touches the curve.
12 +2 at the point 7. Find the value of
21 The straight line y = mx+14 is a tangent to the curve y =" [J13/P12/Q3/
the constant m and the coordinates of P.
22. A curve has equation y =2y% 3y,
() Find the set of values of x for which y>9. )
ts, and state the
(i) Express 2x% —3x in the form a(x+b)? +c, where a, b and ¢ are constan
coordinates of the vertex of the curve.
The functions f and g are defineq for all real values of x by
flx)=2x*-3x and g(x)=3x+k,
where & is a constant, P
S . 2/010
(iii) Find the value of & for which the equation gf(x) =0 has equal roots. [ 10)
i NI13/P13/
23. Solve the Inequality x2 — x — 2 > 0. [ 1]
24. () Express 4x*~12x in the form 2x+a? +b.
. 2
(ii) Hence, or otherwise, find the set of values of x satisfying 4x* —12x>7. [J14/P11/Q2)
25. (i) Express 2x*-10x+8 in the form a(x+b)? +c, where a, b and ¢ are constants, and use your
answer to state the minimum value of 2x® —10x+8.
(i) Find the set of values of k for which the equation 2x* —10x+8=/x has no real roots.
[J14/P13/Q8)
26.

Find the set of values of k for which the line Y =2x - k meets the curve y

=x*+hke—2 at two
distinct points.

[N14/P11/Q5)

27. () Express 9x2 ~12x+5 in the form (ax+5)® +.

. . 3 2 . . . .
(ii) Determinewhether 3y -6x° +5x-12 is an Increasing function, a decreasing function or neither.

28. Express 252

[N14/P13/03]

= 12x+ 7 in the form a(x + h)* + ¢, where a, b and ¢ are constants. [J15/P13/01]
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29. Solve the equation sin” (4x "+ )=5 7

30. A curve has equation v=x*-x+3 and a line has equation y=3x+a, where a is a constant

(i) Show that the v-coordinates of the points of intersection of the line and the curve are given by
the equation v —4x+(3-a)=0.

(i) For the case where the line intersects the curve at two points, it is given that the x-coordinate
of one of the points of intersection is —1I. Find the x-coordinate of the other point of intersec-

tion.
and +h

] (iii) For the case where the line is a tangent to the curve at a point P, find the value 01’1] and the
coordinates of P. [NDI15/P11/Q6]

31. A line has equation y=2x-7 and a curve has equation y=)c2 —4x+c, where ¢ i1s a constant.
Find the set of possible values of ¢ for which the line does not intersect the curve.  /NI/5/PI3.01]

32. (a) Find the values of the constant m for which the line y = mx is a tangent to the curve
y=2x"—4x+8.
(b) The function f is defined for x eR by f(x) = x> +ax+5, where a and b are constants. The
10) solutions of the equation f(x) =0 are x=1 and x=9. Find

(i) the values of g and 5,

0l (ii) the coordinates of the vertex of the curve y = f(x). [J16/P11/06]
’ 33. () Express x’+6x+2 in the form of (x+a)2 +b, where a and b are constants. 2]
(i) Hence, or otherwise, find the set of values of x for which X +6x+2> 9, 2]

[NI6/P11/Q1]

34. A curve has equation y=2x"—6x+5.

() Find the set of values of x for which y>13. 3]

I/‘ ‘j .o . l.)
0 (i) Find the value of the constant  for which the line y=2x+kisa tangent to the curve 3]
[NI16/P12/03]

0 35. Find the set of values of £ for which the curve y=h* -3x and the line y=x—k do not [3]
y=x-— meet. [3

[N16/P13/Q1]
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(i) Subst. equation of line into curve,

. () y=x -3x+d 6.
, 3\;: 7 : x:—j— or x=2.
=l x-—! +—=
" 2) T4
_ o o 7 (i) y=2x"-8x+9
coordinate of minimum point is (—2— EJ _ 2(x—2)2 +1 ‘
curve is above x-axis. (2, 1) is also the stationary point.
(i) x< é 7.  Subst. equatio.n of line into curve,
- apply discriminant > 0
(i) (=L 8), (2, 2). - k<—6 or k>2.
(iv) Discriminant =0 3
. 3 8. () (@ x=3 or ¥=5-
= (-1)}-4()4-k)=0 = k=3—
4 (b) Coordinates of B(3, 4)
2. () (1.5 8 and (4, 3). grad. of curve at B=2 '
2 . equation of tangent 1S 2x—-y=2.
(ii) Subst. line into curve, 2x° —kx+12=0 :
. © y
apply, Discriminant <0 Ar
o K2-4(2)(12) <0 = —96 <k <96
(i) When & =10, cv=12
grad. of / at P: ’
tana = -2 P(2,6)
= a=116.6°
grad. of curve at P:
Lanﬂ =-3 B
= f=1084° ol tangent\ 2x +>:10 [9) >t
to curve
req. angle 0 =a - 8 Grad. of tangent at B =2
=8.2° = tana =2 or a=63.4°
3. Subst. line into curve, apply, Disc.=0 grad. of line = 1
| 2
c=— |
2 = tanﬂ:E or f=26.6°
3
4. x=to. req. angle 8 = - 8
5 . =36.8°
+ Subst. line into curve, apply, Disc. <0 y ‘
= k>4 (ii) Subst. equation of line into curve,
apply, discriminant < 0

k <3.875.
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10.

12.

13.

14.

15.

16.

17. (

Topic 1 -Answers | 2

(1)  Subst fmc::‘our\g apply. Disc. <0

O<k<yg
(i) Apply, discriminant -

= k=4

Point oflmcr\cclmn is |

2x-1)? o)
minimum point 4(]. -1)
(i) =-2, g=-15
(ii) Apply, b? —4ac =0

= r=16
Substitute equation of line into curve.
Apply, b? —4ac >0

m<—10 or m>?2

(1) A(=2, 2), B(l, 8)

Distance 4B =35

. 1
Mid pointof 4B is (—E, 5)

(ii)  Substitute equation of line into curve.
Apply, b° —4ac =0
k=3 or 1.
(i) (2,3)(6,1) Ans.
(ii) Solve the two equations simultaneously.
Apply. b —4ac =0.
k=85
(i) y=m(x-2) Ans.
(i) Solve the two equations simultaneously.
Then apply, b* -4ac =0,
= m=+2
Coordinates are (3, 2) and (1, 2).

(iii) (x-2)% +], minimum point (2, 1),

] 4
i == and x =—
W = 9

(ii) Solve the two equations simultaneously.
Then apply, h? —4ac =0,
= k=204

i)  Solving simultaneously gives,
A2, 3), B, 1)

Equation of L of 45
2x-y=6

18.

20.

21.

22.

23.

24,

(ii) Solve simultancously.
Then apply, b° —4ac > 0. o
1Q 1
—s k< —/48 and k >48

(i)  Substitute equation of linc into curve,
Apply, b° —dac =0
. k=-1

(i) Solving simultancously gives, P(=2, 1),

(l) _L. =-2x+k

x=3
= (x-3)(-2x+5)=2

= 2x2 —(k+6)x+(2+3k)=0.
(ii)  Substitute equation of line into curve.
Apply, b* —dac=0
k=2 or 10
(iiiy A2, -2), B4, 2)
Equation of 4B:

() A, 1), B4, 4)

2x—-y =6.

Mid-point: (i, —S—J
22
(i) Solve the two equations simultaneously.
Then apply, b* —4ac = 0.
=> m=-8

Coordinates are (-2, 16)

m==3, P(2, 8)

i x<—i or x>3
0] 5 :
y 3 9

2l x-=| -2
(i) (t‘ 4] 2

coordinates (%,

9
gl

(i) f()=0 = 6x’-9x44 =0
apply b* —4ac =0

k=33
8

X<-l and x>?
() (2x-3) -9

(ii) X<t or x>3l
2 2
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, (5 9) 33.0() (v+3) -7
e l\‘ _2. mm,pomr’\:. =y ) ’
5. ) 2775 2 - (i) (x+3)°=7>9
2
i) Apply: p? —4ac <0 = (1+3)7 =47 >0
TP g <2 ARS
_ —18<k<s A = (x-DEx+7)>0 = x<-7. x>1
26. Apply: b3.-4ac>0- 34. () 2x> —6x+5>13
k<2 of k20 = ¥’ -3x+4>0
27. () ‘\3-‘5’3):)"1 = (x-Hx+D)>0 = x<-1, r>4
o4 x> +5x-12) (ii) Eliminating y, we have,
(“) dx 2x+k=2X2—6x+5
= (3x—2)2 +1 (0 s
[ncreasing function: = 2x°-8x+5-k=0
use, b>—4ac=0
28. 2(1"3)—"11 — (—8)2_4(2)(5—/():0 k=23
2 I . . .
29, 4x'+X =3 35. Eliminating y, we have,
o ogt+2-1=0 kxt—dx+k=0
1 .
) 2+l)(4x2—1)=0 — x=t— Apply, Disc <0
= (2x 2 5
= 16-4k" <0
= ko450 = k<=2, k>2

P ox+3=3x+a
Y x2 —4x+(3 —a)=0.
(i) Substitute x= —1 above gives a =8.
. xt-4x-5=0.
= x=3
(i) x*-4x+(3-a)=0
apply b* —4ac=0
= a=-1
Substitute a = —1 gives coordinates
of P(2, 5).
31. Substitute equation of line into curve.
Apply, discriminant <0
= 36-4(c+7)<0
> ¢>2 .

30. ()

32. (@) Substitute equation of line into curve.
Apply, discriminant =0
> (4+m)?-64=0
= m=4or -12
® () a=-10, =9

(i) f(x)=x*+ax+b
= y=x’-10x+9
= y=(x-57-16

*coordinates of vertex are (5, -16)
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P Functions and Graphs
2 -
The functions f and g are defined as follows:
t:x— -2x, xeR
xeR

gy 2x+3,

f(x) > 15.

(i) Find the sct of values of x for which
n, whether f has an inverse.

with a reaso
0 has no real solutions.
hs of y=g(x) and y=8

e relationship

(ii) Find the range of f and state,
i(y), making clear th
¥ [J04/PIZ/Q/0/

(iii) Show that the equation gf(x) =
(iv) Sketch, in a single diagram, the grap
between the graphs.

The function fix— 2x—a, where a is a constant, is defined for all real x.
(i) In the case where a =3, solve the equation fi(x) =11

% —6x is defined for all real x.
lution.

The function g:x >
(ii) Find the value of a for which the equation  f(x) =g(x) has exactly one real so
¥? —6x is defined for the domain x23.

(iii) Express 2 —6x in the form ()f'—p)2 —-q, where p and ¢ are constants.
[N04/P12/Q9]

(iv) Find an expression for h-'(x) and state the domain of h™".

The function h:x >

A function f is defined by f x> 3-2 sinx, for 0° < x < 360°
(i) Find the range of f.

(i) Sketch the graplr of y=f(x).

A function g is defined by g X > 3-2 sinx,
(iii) State the largest value of A for which g has an inverse.

) When A has this value, obtain an cxpression, in terms of x,

for 0°< x < A°. where A is a constant.

for g'(x)- [J05/P12/Q7]

(iv
A function f is defined by f:x> (2x-3)* -8, for 2<x<4.
is an increasing function.

(i) Find an expression, in terms of x, for f'(x) and show that
[NO5/P12/Q8]

(i) Find an expression, in terms of x, for f~'(x) and find the domain of f -

Functions f and g are defined by
f:x—k-x forxeR, where £ is a constant,

forx eR, x #-2.

g X
x+2

(i) Find the values of & for whi
| | which the equation f(x) =
cquation. 10 ~a(s) if these cesen q (x) = g(x) has two equal roots and solve the
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(“) Sr;:,'-"_‘ .}‘.C ¢quation clx) =95 v }m:_q k= 6
1 fglx J A [J//ﬁ.r[)/jrlv
(iii) Express g (x)n terms of x <91
6. The function f is defined by f:x~ x° -3x for x€R

(i) Find the set of values of x for which f(x)>4.

.y 2 1 / d b.
(i) Express f(x) in the form (x-a) —b. stating the values of a an
(iii) Write down the range of f
(iv) State, with a reason, whether f has an nversc
The function g is defined by g:x— ¢-3J/x for x20. [NO6/
(v Solve the equation = ‘ /PIZ Q‘/‘U,"
) ¢ the cquation g(x)=10.
7.
VA
y=1f(x)
o > x
6
The diagram shows the graph of y =f(x), where f: x> 5 for x20.
X+

(i) Find an expression, in terms of x, for f'(x) and explain how your answer shows that f is a

decreasing function.

(i) Find an expression, in terms of x, for f'(x) and find the domain of '

(iii) Copy the diagram and, on your copy, sketch the graph of y=f""(x), making clear the relationship
between the graphs.

The function g is defined by g: x> %x for x>0.

L - 3
(iv) Solve the equation fg(x)= > [J07/P12/011]

8. The function fis defined by f:xi>2x* ~8x+11 for xe R,
(i) Express f(x) in the form a(x +h)* + ¢, where a, b and ¢ are constants. 13l
(ii) State the range of f. f
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12.

13.

= —— —————__Topic2 Function,
— = Tnen . ;
(iii) Explain why f does not have an inverse —
. . el .
The function g is defined by g:x> 2x" =8x+11 for v< 4 Where 4 j5 5 a
c 4 f hic  an ¢ Constant
(iv) State the largest value of A4 for which g has an inverse
(") When A4 has this value, obtain an expression, in terms of v, fo, g'(v) and o
dn state tha .
- e range of g
IND7 [./: Q///

v - L1\ Y @
The function f is such that fix)=(3x +2) 5 for x20.
(i) Obtain an expression for '(x) and hence explain why f is an Increasing function
: - N ; c -l
(i) Obtain an expression for f '(x) and state the domain of f-!, 1108/P15 .

Functions f and g are defined by

f: x> 4x—2k for xe R, where k 1s a constant,

for xe R, x#2.

gxX
- 2-x

(i) Find the values of k for which the equation fg(x) =x has two equal roots.

(ii) Determine the roots of the equation fg(x) =x for the values of & found in part (i).
[J08/P12/Q8)

The function f is defined by
f:ix>3x-2 for xelR.

(i) Sketch, in a single diagram, the graphs of y = f(x) and y =f ~'(x), making clear the relationship
between the two graphs.

The function g is defined by
g:x6x—x* for xeR

(i) Express gf(x) in terms of x, and hence show that the maximum value of gf(x) is 9.

The function h is defined by

2 for x>3.

h:ixP 6x-x
(i) Express 6x —x* in the form a — (x - b)%, where a and b are positive constants.

(iv) Express h™'(x) in terms of x. ) [NO8/P12/Q10]

The function f is defined by f:x+> 2% =12x+13 for 0< x < A, where 4 is a constant.

() Express f(x) in the form a(x + b)? + ¢, where a, b and ¢ are constants,
(i) State the value of A for which the graph of y = f(x) has a line of symrﬁetry.
(iif) When A has this value, find the range of f.

The function g is defined by g:xt 24 —12x+13 for x >4,
(v) Explain why g has an inverse.
(%) Obtain an expression, in terms of x, for g~'(x). [J09/P12/010]

Functions f and g are defined by

fix 2x+]1, xelR, x>0,

PRI 2x -]
3 YeR, x# -3
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8 Selve e sguatow gy = 2

B Exgress {ixl d g i w oweemm of 2

(8 Soon Hhr fe cgmton ¢ 1 =7 e a0 wlenens

@ Skeuk m a saghe duagresm the paphs of 5 = Sy and 5 =1 (). mekng Jear e relatonoabp
beraees e paphs (NP9 PIigyiay

14 The Soscmes fis defimed oo f g 5-3smly fr Orc o
() Find e ange of ¢
(i) Shewk dhe graph of 3 = o

(i) State with a ceasen. whether { bas ap rverse [W99/PLIQe]
15, The funeton { s such that f(xi= for xe B x=-25
22 +5
§§ Obtain an exgression for £(z720d explzin why { is 2 decreasing funcrion
{@ Obtams an expression for 7 (x) (NOT PI208 (1jdtis)

16. The function f is such thar fir)=2sm r-3cos r for 0<x<nm
() Express flx} m the form a + b cos” x. stating the values of « and b.
(i) State the greatest and least values of fix)
(i) Solve the equation fix)~ 1 =10. [HOPIIGS]

17. The function f is defined by { x— 2x —12x+7 for =R
(i1 Express flx) in the form afx — by - .
{#) Stze the range of f
(iii) Find the set of values of x for which fxj < 21
The function g s defined by g .x—2x+k for xR

) Find the value of the constant k for which the equation gfix) =0 has two equal roots. ]
[J10/P11/Q8

18. The functions f and g are defined for xeR by
fxisdx-21,
gixrs Sx+3.

(i) Find the range of .
(i) Find the value of the constant k for which the equation gflx) =k has equal roots.

the values of a and b,
the range of f,
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20.

21,

22.

23.

24.

Topic 2 Functions and Graphs | 8 |

The function f x+— 2x? ~8x 14 15 defined for veR

(® Find the values of the constant & for which the line y « &x = 12 is a tangent to the curve
y= fix)

(W) Express fix) in the form a(x + 5 * . where a. b and ¢ are constants

(i#) Find the range of f

The function g x2x° ~Rr+14 15 defined for x2 A

™) Find the smallest value of A for which g has an inverse.

™ For this value of 4. find an expression for g '(x) in terms of x. [J10/P137Q10]

Functions f and g are defined for veR by
frams 2x+ 3
g xx’ - 2x

Express gfix) in the form a(x + b)? + ¢, where a, b and ¢ are constants.

[NI0/P11/Q3]

A function f is defined by f:.n—¢3-2mn(%x) forO0<x<n
() State the range of f
(i) State the exact value of l‘(l‘n).
(i) Sketch the graph of y = f{x).
(®) Obtain an expression, in terms of x. for f (). [NLO/PLILQ7)
The function f is defined by

f(x)=x' —4x+7 for x>2.
(i) Express f(x) in the form (x ~a)’ +b and hence state the range of f.
(i) Obtain an expression for f'(x) and state the domain of ',
The function g 1s defined by

glx)=x-2 for x> 2.

The function h is such that f = hg and the domain of h is v > 0.
(i) Obtain an expression for h(x). (NLO/P12/Q7)

The diagram shows the function f defined for
0<x<6 by

v %—.l: for0< x<2,

x> dxel for2<x<e.

(i)  State the range of 1.

(ii) Copy the diagram and on your copy sketch
the graph of y =1 '(x)

(iii) Obtain expressions o define { '(x), giving
the set of values of x tor which cach
cxpression is vahd.

INIPI307)
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2S. Functioms { and g are defined for 1« R by

f realrel

g 1 o2
@) Find and mmphify cxpressions for fgi+) and gfl0)
() Hence find the value of o for which fga) = gfia) .
(W) Find the value of b (b2 a) for whach gih) = b :

v) Find and mmpldfy an expresson for { gix)
The funcnion b« defined by

i i e

h resx -2 forns0

&) Find an expression for b '(x) /J”"PII,Q;,I

103 L eR x2l
2x -1 2
@ Show that ffix)=x |
(W) Hence, or otherwise, obtain an expression for f '(x) /J{",m

%.

26. The funcnon f 1s defined by f x =

I PP Ll S T B

27. Functions f and g are defined by
f x+—3xr-4 «cR

g: xm 2x-1 +8 x>l
() Evaluate fg(2)

(&) Skewch in a single diagram the graphs of y = fix) and » = f '(x), making clear the relationship
between the graphs

(isi) Obtan an expression for g'(x) and use your answer to explain why g has an nverse B
@) Express cach of f '(x) and g '(x) in terms of x. [J11°P13/Q10§

28. Functions f and g are defined by
f x— 20 -8x+10 for0< <2,
g 1— 1 for0<x<10.
() Express fix) in the form a(x + by + ¢, where a, b and ¢ are constants
(i) State the range of f
(iti) State the domain of '

(™ Skeiwch on the same diagram the graphs of y =fix), y =
relstionship berween the graphs

) Find an expression for { '(x)

g(x)and y = f '(x), making clear the
INIPLOM

29. The functions f and g are defined for 1 e &R by
f xr—3i+a,
g v b2y,
where a and b are constants. Given that f(2) - |0 and g (=3
(1) the values of g and b,
() an expression for fa(x).

. find

INILPL2O)
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30.

31.

32.

33.

34,

Functions f and g are defined by
f v 2043 forrgo,

g ¥ 1 -6x forxs3

() Express { '(x) in terms of x and solve the equation flx) = f'(x).

(i) On the same diagram sketch the graphs of y = fix) and y = f '(x), showing the coordinates of
their point of intersection and the relationship between the graphs.

(i) Find the sct of values of x which satisfy gf(x) < 16. [N1I/P13/Q9)]

The function f x+s x” ~4x 4k 1s defined for the domain x2 p. where k and p are constants
() Express fix) in the form (x + a)’ + b + k, where @ and b are constants.

(i) State the range of f in terms of

(iii) State the smallest value of p for which f is one-one.

) Fpr the value of p found in part (iii), find an expression for f ~'(x) and state the domain of f !
gIVing your answers in terms of k. [J12/P11/Q8]

Functions f and g arc defined by
fix=>2x+5 for x € R,

8
g'.r»—»—} for x € R, x#3.
X =

(1) Obtain expressions, in terms of x. for f '(x) and g ' (x), stating the value of x for which 2 (x)
1s not defined.
(i) Sketch the graphs of y = f(x) and v=f'(x) on the same diagram, making clear the relationship

between the two graphs
(iti) Given that the equation fg (x)=5-kr, where k is a constant, has no solutions, find the set of
possibie values of k. [J12/P12:Q10)

The function f 1s such that fix) =8 - (x - 2)2, for x e R.

(i) Find the coordinates and the nature of the stationary point on the curve y = f{x).

The function g is such that g(x) = 8 - (v - 2)?, for k < x <4, where £ is a constant.

(i) State the smallest value of & for which g has an inverse.

For this value of &,

(iii) find an expression for g '(x),

(iv) sketch, on the same diagram, the graphs of y = g(x) and y = g '(x). (J12/P13/Q11)

The function f is defined by f{x) =4x* - 24x + |1, for x e R.

(i) Express flx) in the form a(x - b)" + ¢ and hence state the coordinates of the vertex of the graph
of y = flx).

The function g is defined by g(x) =4x? - 24x + 11, for x<1.

(ii) State the range of g.

(iii) Find an expression for g '(x) and state the domain of g [NI2/P11Q10)
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35. A function f is such that f(x)= L—;—] +1, for x> -3 Find

“

(i) f'(x) in the form ax’ +bx+c, where a, h and ¢ are constants,
. o NI2
(ii) the domain of " [ P12 oy

36. The functions f and g are defined for —%.'r S }/r by
f(x) = % vt L .
g(x) = cosx.

Solve the following equations for —é- rSxs -:Lfr.

S T RO

@) gflx) =1, giving your answer in terms of 7.

(i) fg(x) =1, giving your answers correct to 2 decimal places. [NI2 P”W :

37. 2
Y
4

(i) The diagram shows part of the curve v =11 —x* and part of the straight line v =5 - v meeting
at the point A(p, q), where p and g are positive constants. Find the values of p and ¢. .

(i) The function f is defined for the domain x>0 by
F(x) = - x t:or 0<x<p,
S—-x for x> p. E
Express f '(x) in a similar way. /AV!.“I’I.i/'Q“

38. (i) Express 2x’ — 12x+ 13 in the form a(x + b)* + ¢, where a, b and ¢ are constants.
(i) The function f is defined by f(x) =2x? = 12x + 13 for >k, where k is a constant. It is given
that f is a one-one function. State the smallest possible value of £.
The value of k is now given to be 7.
(iii) Find the range of f.
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39.

41.

42.

43.

(») Find an expression for f'(x) and state the domain of f ' (J13/P11/Q8]

A function f is defined by f(r)- 5 for r2] -
i il \~\v\‘\€g\ vishle
(1) Find an expression for f(x). /
(i) Determine, with a reason, whether f 1s an increasing function, a decreasing function or neither.
(i#) Find an expression for f'(x). and state the domain and range of f~'. (J13/P12/Q9]

The function f is defined by f:x+s2x+k xeR, where k is a constant.
(1) In the case where k = 3. solve the cquation ff{x) = 25.

The function g is defined by g- 1y 42 -6x+8 xeR

() Find the set of values of k for which the equation f(x) = g(x) has no real solutions.
The function h is defined by - x s 42 ~6x+8, x>3.
(iii) Find an expression for h '(x). (J13/P13/Q10]

The function f is defined by

f:ixi> x> +1forx>0.

(i) Define in a similar way the inverse function f '

(i) Solve the equation ff(x) = 3 [N13/P11/Q5]

A function f is defined by f: x 3cosx—-2for0<x<2r.
(i) Solve the equation f(y)=0.

(i)) Find the range of f

(i) Sketch the graph of y = f(x)

A function g is defined by g x - 3cosx—2 for 0< x < £.

(iv) State the maximum value of & for which g has an inverse.

(v)  Obtain an expression for g'(x). [NI3/P12/Q8]

The function f is defined by f x> x’ +4x forx > ¢, where ¢ is a constant. [t is given that fis a
one-one function.

(1) State the range of { in terms of ¢ and find the smallest possible value of ¢.

The function g is defined by g:x+ ax+b for x > 0, where a and b are positive constants. It is given that,
when ¢ =0, gf(1) =11 and fg(l)=21.
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Ive them to find the values of a and 5

(i) Write down two equations n a and b and so P

1oy

-
PRIV N+ A3

~
FESIIINDPR. ¥ e

The diagram shows the function f defined for —1<x<4, where ;
3x-2 for —=lsx<1, i
f(x)= 4
% for l<x<4.
—x 4
(i) State the range of f.
(ii) Copy the diagram and on your copy sketch the graph of y=f '(x). i

(iii) Obtain expressions to define the function f ', giving also the set of values for which each %

expression is valid. (J14'PLIQ10} x

45. Functions f and g are defined by
fix—>2x-3 x € R,
g x> x’ +dx, x € R
(i) Solve the equation ff(x)=11.
(ii) Find the range of g.
(iii) Find the set of values of x for which g(x)>12.
(iv) Find the value of the constant p for which the equation gf(x) = p has two equal roots.
Function h is defined by h:x x’ +4x forx>k, and it is given that h has an inverse.
(v) State the smallest possible value of k.

(vi) Find an expression for h '(x). [J14/P12°Q10]

46. A function f is such that f(x)=

for 0 < x <6.
2x +

(i) Find an expression for f'(x) and use your result to explain why f has an inverse.




47.
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(i) Find an expression for {'(r). and wate the domain and range of ' [J14P13RQ8)
) Express ' -21-15 i the form (rsa) +b
The function f is defined for p<r<yg where p and ¢ are positive constants, by
f xer?-2r-158
The range of [ 1s given by ¢ < fix)<d, where ¢ and 4 are constants
(ii) State the smaliest possible value of ¢
For the case where c =9 and d = 65,
(i) find p and g,
(iv) find an cxpression for f '(x) [NI4PLLQIO)

49.

51

The funcuion f: x»—+6~4cos(£x) 15 defined for 0< x< 2t
(i) Find the exact value of x for which flx) =4,

(ii) State the range of f

(iii) Sketch the graph of y = fix)

(iv) Find an expression for f '(x). [NI4.P12:Q11]

(a) The functions f and g are defined for x20 by

i
f:x (ax+h)’. where a and b are positive constants,

gixm— o
Given that fg(1)=2 and gfi9) = 16,
(i) calculate the values of a and b,

(i) obtain an expression for f '(x) and state the domain of t'. [NI4/P13Q10a)]

3

The function f:x~— S+3cos(4x) is defined for 0< 1«27
(i) Solve the equation f(x)=7, giving your answer correct to 2 decimal places.
(ii) Sketch the graph of  =t(x)
(iii) Explain why f has an inverse

(v) Obtain an expression for { '(x) (I3 PLIQS)

The function f is defined by  x— 20f —6x+Sforve R
(i) Find the set of values of p for which the equation fix) = p has no real roots.

The function g is defined by g x> 2x” —bx+Sfor0<x <4
(i) Express g(x) in the form a(x = h)? + ¢, where a, b and ¢ are constants.

(iii) Find the range of g.
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The function h is defined by A x+—» 2x’ -6x+Sfork<xsd. where & is a constant

(™) State the smallest value of k for which h has an inverse
®) For this value of k. find an expression for h'(x)

[715/P12:Quyy

ek

\ ,‘

82. N é
|

e |

O 1

_1-5x |

YET |

|

4

1-5x

; -f-! : 1 is defined by f'(x)= for0<x<2
The diagram shows the graph of v =f (x), where f ' is defined by (x oy

(i) Find an expression for flx) and state the domain of f.

(i) The function g is defined by g(x) = L for x> 1. Find an expression for f ~'g(x), giving your
R¢

answer in the form ax + b, where a and b are constants to be found. [J15/P13/Q6]

i L i i i et e A s P

i

€3. (i) Express —x’ +6x-S5 in the form a(.\‘+b): +c. where a, b and ¢ are constants.
|
The function f: v —x° +6x—35 is defined for x>m, where m i1s a constant. ‘
(ii) State the smallest value of m for which f is one-one.
(iti) For the case where m =5, find an expression for f""(_r) and state the domain of '
[D15'P11/Q9]
€4. Funcuons f and g are defined by
fx—3x+2, xek,
g:x—4x-12, xekR 4
. -1 ey |
Solve the equation f '(x)=gf(x) (D15 P12

§5. The function f is defined, for x €R, by f 1 x> x" +ax+b, where a and b are constants.

(i) In the case where a =6 and h=-8, find the range of t.
(ii) In the case where a =5, the roots of the equation f(x)=0 are & and -2k, where k is a constanl’
Find the values of b and k. :

(ii1) Show that if the equation f(x+ua)=u has no real roots, then g° < (b -a). [D15PI2
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56.

§7.

59.

60.

61.

(D Express 3x° —6x+2 in the form a(r+ by +¢c. where a, b and ¢ are constants

() The function . where f(x)=x' —3:’ - 7: -8 is defined for x € R Find f'(x) and state, with a
reason. whether f 1 an increasing function. a decreasing function or neither (DIS/P13Q3]

The function f 1s defined by f(x)=3x+1 for x < a. where a 1s a constant. The function g is defined
by g(x)=-1-x" for x< -1

() Find the largest value of a for which the composite function gf can be formed.
For the case where g = -|.

(i) solve the equation fg(x)+14 =0,
(#i) find the set of values of x which satisfy the inequality gf(x) < -50. [D15/P13/Q8)]

The function f is defined by fxdsmx-lfor -lr<sysin
(i) Statc the range of f

(i) Find the coordinates of the points at which the curve y = f(x) intersects the coordinate axes.
(i) Sketch the graph of v = f{x).

(n) Obuain an expression for f"(x). stating both the domain and range of f ' [J16/P11/Q11]

Funcuons f and g are defined by

f:ix—10-3x, xekR,

10
gl —, ,reR,x:%.
3-2x .
Solve the equation ffix) = gfi2). [J16/P12/Q1]

The function f 1s defined by f:x 6x-x’ -5 forx e R.

(i) Find the set of values of x for which f(y)<3

(i) Given that the line y =mx+c 1s a tangent to the curve y = f(x), show that 4¢ =m? —12m + 16,
The function g is defined by g: x> 6x-x" =5 forx > k, where & is a constant,

(iii) Express 6x ~ x> -5 in the form « —(.r~b)2, where a and b are constants.

(iv) State the smallest value of & tor which g has an inverse.

(v) For this value of &, find an expression for g '(x). {J16/P12/Q11]

The function f is such that f(x)=2x+3 forx>0. The function g is such that g(x):axz +b forx <gq,
where a, b and ¢ are constants. The function fg is such that fg(x) —6x° -2 forx< q.

(i) Find the values of a and b.
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(ii) Find the greatest possible value of ¢
It 1s now given that g = -3.
(iii) Find the range of fg.

(W) Find an expression for (fg)™'(x) and state the domain of (fg) '

62. The functions f and g are defined by

flx):i—?. forx >0,
x

forx 2 0.

g(x)=

Sx+2
(1) Find and simplify an expression for fg (x) and state the range of fg.

(ii) Find an expression for g '(x) and find the domain of gl

63. A function f is defined by f:x+—5-2sin2x for 0< x< 7.
(i) Find the range of f.
(ii) Sketch the graph of y=f(x).
(iii) Solve the equation f(x)=6, giving answers in terms of 7.
The function g is defined by g:x+ 5-2sin2x for 0< x<k, where k is a constant.

(v) State the largest value of k for which g has an inverse.

&) For this value of £, find an expression for g '(x).

64. (i) Express 4x’ +12x+10 in the form (a)t+b)2 +c, where a, b and ¢ are constants.

(ii) Functions f and g are both defined for x>0. [t is given that f(x)=x’+1 and
fg(x) =4x’ +12x+10. Find g(x).
(iii) Find (fg)”'(x) and give the domain of (fg) '

|
[J16:P13/Qi0) |

suabaditi

[N16/P11/:Q8)

[N16/P12/Q10]}

bl o oot aei it el N i

[N16/P13/Q8]

;
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=
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ANSWERS

Topic 2 - Functions and Graphs

(i) x<-=3, x>5
(i) f(x)>-1
No. f(x) 1s not a one-one function.
(i) gf(x)=0
= 0l -4x+3=0
Discriminant = (—4)” —4(2)(3)
=-8 (<0)
No real solution.
(iv)

_vT

y=g)

3.

The graph of g™'(x) 1s a reflection of graph of
glx) nthe line y =x

x=5.

f(x) = g(x)

- X -8x+a=0

(M)
(i)

Apply b> —dac =0
= a=16.

(i) (x-3)* -9
iv) h'(x)=3+Jx+9
> -9,

Domainof h™': x>

4.

1<f(x)<s.

U

o

0 90 180 270 360

(iii) 4 =90°.

(v) g'(x)=sin" (9—;—‘j
(i) f'(x)=6(2x-3)
Since f'(x) is a perfect square,
= f'(x)>0 forall values of .
Hence f(x) 1s an increasing function.
3
(i) '(x)= Jx+8+3
2
Domainof f'(x)1s: =7< x <117
() f(x)=g(v)

= —x H(k-2)x+(2k-9)=0

Apply b> —4uc =0

= k=-8, k=4
when k=-8, x=-5§
when k=4, x=1.
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i) 1=7 2
) 1 9. (i) fiu=%lc+2)

- { 9-
(W) g (n= y20 As {'( 1) 15 a perfect square, :
- pe squ :
= f'{x)>0 for all values of ¢
6. () r~--1and x>4 Hence f(x) is an increasing function 4
) / PR 3 ““ _ »i
(1) ;-i_ -2. ‘,:1 ,.,:3 (m f (”:vr - i
2, 4 2 J i
’ }
(i) f(x) > -225 Domammof f (x). x23. 1
(™ No inverse fix) is not 2 one-onc function 10. () fg(x)= 36 -2k 2
™ x5 -
given, fg(x) = x {
7. M ('lx;x_._:.l_%__ = 36 -2k=1x ;
(2x+3) 2-x ]
= f(x) 1s - ve for all valuscs of x = 0+ (2k-2)x+(36-4k)=0 ,
Thus f(x) 13 a decreasing function Apply b* —dac =0
- - 9y _dk) = R
G (e 3,' o = (2k-2)" -4(1)(36 -4k)=0 :
2x = k=-7 or k=35 j
Domamof f'(x) 0<x<?2 (i) When k=5, x=-4 :
. When t=-7, x-=8 1
‘T 1. (i) i
i y )
i » f . A *
Fly=10 (0 ," . 8

L]

0
y=f "(x) is the reflection of y = f(x)n the o |
line y=x “/
v =] ‘ . . . !
) x v "(x) 1s the reflection of v = £(x) in the

line v =

8. () flx)=2x-2)"+3
(i) f(x)z3

M

(i) gl =603v-2)-(3v-2)
=90 430016
= =(3x-5)7 +9

maximum value of gf(x) =9,

(iii) Because it is many-one function.

(v) A-=2

™ s‘m=2—/f‘—-'-3- ;
Vo2 (i) h(x)=9 (x-3)"

lLange of g (v e (v)y< 2. (iv) h 1‘_‘_)_},\/() Y.
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Topic 2 - Answers _3 ,

1.0 fix)=21-3)" -5
() 4-4
(i) Rangeof fix) -S<f(x)<i
(™) Because g(x) is 2 one-one function
™ gl0=3s (225
\
13, () gfi(x)=x
2(2x+1)-1
= — =y
(2x+1)+3
= 2x! =] = x= ‘
V2
.. x-1 . 143
(n) f‘(.t)=~1~. gl(sz " r, x=2
‘< -X
Lo 143
(i) 7, "
= x2+x+l=0
Discriminant = -3 (< 0)
No real solution.
v
) VA
41 ﬂ'r) V=x
7/
it /,
7/
2 e
//r ‘(r)
4
'
z » X
2 3 4
14. (i)
(ii)

4 " +— LA
7 o X 3n T
4 2 4

(iii) f(x) does not have an mverse because 1t
is ot a (1-1) function.

15

17.

]

(i)

Q)

(i)
(i)

0}
(i)
(iii)

()

(i)

fir)= :
(2r+§)°

Since f'(x) <0 for all values of «,
therefore f(r) 1s a decreasing function

Greatest = 2, Least = -3
f(x)+1=0

= 2-5cos’x+1=0
= COS:X?»E

x =0.685, 2.46.

f(x)=2(x=3)" -11.

Range of f(x): f(x)=-11.

2Ax-3)7-11<21

= (x=37-16<0 = (x+I)x-7)<0
-l<x<?.

gf (x)=0

= 4 -24x+14+k =0

Apply b* —4ac =0

= 247 -16(14+k)=0 = k=22

f(x)<2.

gf(x)=k

= 20x-10x° +3=%

Apply, b*-dac=0 = k=13

() ash =10, u—:l’—bZl

solving simultancously gives, a =4, b=6.

(i)
(iii)
(i)
(i)
(iii)
(iv)

v)

Range:
433

Substitute hine into curve.

=2<t() <10

Chenapply b ~dac =0 = k=4 or 12

2(x - )Y +6.

Range: f(v) >0
A=2,

x-0
8 l(\')=2F\‘- 5
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2. glin=(2x+3 -N2x+ P ) f (n=y2r for 0<2<? ‘:
=4r efrsd=Mra0V -1 Cini=d1-1) for 2<z44 3
2@ firecs 6. @ fgin=27 -3 3
(L ?-2\3 fpxp:lt:cll-! -
m I" rﬂ ‘:-i
*.\!"-:Tr -1 (W) 5=2
»\.\ ' - - i: .
- \ ; ™) !A;—:¢x-h
. \ : 2
\ ' )
i \ ' fgini==(x" -3
\ ' -
- - - - s
0 I\ T ™ hi(x)=-vyrxe2
<
‘1 : l"}
\ | 26. () f(n)=
\ 2x-1
\ : (f $75+3
(xy= = 5
' .3 i
K ezl
1 |
1" 1+-3-6x-3 Tx .
= — = —— = ¢ %
; dx-6-2x+1 7
: () Since ffix)=1x
;/3‘ j fi = "‘
) f ‘lx):Zm | ’x; = fixn=f"(x) b
T Hence, f (1) = . '
v ZX’l
2. ® f(r)=(x-2y +3, Range f(1)z3
P 27. (1) fg(2)=26
M) f (r)=2+vx- (ii)
Domamof f '(x) 1>3 ? . .
. “w 1) a ‘
() f = hg ? /0
T 4 7 4 s
= h=fg' d /L '
- 4 /' /’
= bMrj=1 +3 /.
3 /,”
24. (i) Range O0<fix)<2 2<fix)<4 2 ,‘

2 < /’\
Gy ey
-7
) ) 1

6

(i) £ () = 6(x 1)’
Turming points of g(x) does not he in
the given domain.

Iheretore g(x) 1s a 1-1 function and
o

P == -

has an inverse.
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28.

™)

0]
(i)

(i)
(™)

\

29. (i)

(ii)

30. (i)

(i)

p—

g (=14 Y228

V2

f“(ﬂz r+4

fix)=2x-2y 42
2sf(x)<10

Domain of f'(x)
Iy

2<x<10.

flix)=2- ol

a=-2, b=8
fg(x)=3(8-2x)-2

=22-6x

x—3

f'(x)=

9

<

f(x)=1"(x)

RY
= 2x+3=

Topic 2 -Answers

(i) gf(x)<lb
Qe+ -6(2v+3) <16
= 4 -9¢<16 = r'sz;
s

-=-<x<0
2

3. () f(x)=(x-2)° -d4+k
(i) f(x)> -dek
(iii) p=2
™) f'(0)=2+Ji-k+d

Domainof f'(x): >k -4
.G =22
g (n) =33 xeR, 120
X
(i)

v=1"(x) is the reflection of y = [(x) in the
line y =x.

(i) fg(x)=5-kx
= 2 )+5=5-ke
= k' - 3ke+16=0
apply b° ~dac < 0

0< /( < 0—4
9
33. () Stauonary point, (2, 8),
Nature:  maximum.
(i) k=2

(i) g '()=2+V8-x
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o

\/

0 > §

M. f(r)=4(x-3)7-25
coordinates of vertex: (3, —25).

(i) Range: g(x)> -9
(i) g-*ng[s_M]
Domainis: x> -9,
IS, () '()=2x" —4x-]
(i) Domain of f™'(x): x21.
36. (i) gf(x)=1
= cos(%x-«&%;r):l = x=-Z

(i) fg(x)=1
= %—coww!zn':! = x=+03].

37. (i) p=3 g=2
- f“m:{ 1l-x 2<x<ll,
S5—x x<2.
38. () 2(x-3)° -5
(i) k=3
(iti) Rangeof f: f(x)227.
x+5
) f'(x)=3+ ‘: ,
Domainof f ': 227,
5
39. (i) f'(x)= l -
(1-3x)°

Topic 2 - Answers )
= (&)

s -'
(i f'(v)= ; "

(1-3x)°
(1-3%)? isa perfect square. ]
= f'(x)>0 forall values of x. i

Thus, f(x) is an increasing function.

i) £'(0=""2, 20
3x .
Domain of f'(x): -25<y<0

Range of f"(.\') cof! (¥)2>1.

40. () ff(x)=25
= 2Qx+3)+3=25 = x=4 i
() f(x)=g(x) :

= X’ —6x+8=2x+k
= > —8x+8-k=0
Use b? —4ac <0

= 64-48-k)<0 = k<-8 :

(i) h™'(x)=3+Vx+1.
' x> Vx=1 for x>1.

(i) fF (x) = %

41. (i)

= (188 _ 169 13
= f(x)=f (16) = f(x) N

16
= -l —13 = —9 :-—3
x=f (4) = x ‘f4 3

x=0.841, 5.44 radians.

(i) -5<fix)<i

(iii)
VA

3+

£2. ()

2+
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Topic 2-Answers 7 )
) k=x ™ k=-2
o) g"(ﬂ:cos‘zt_;_‘.' M h'(x)=-2+Vx+4
(-
. 2 6. () (0= =
4. @ Rangeof £ f(x)2 ¢ +4c T (2x+)?
fix)=x’ +4x f'(x)<0
=(x+2)7 -4 = f(x) has no tuming points.
smallest value of ¢ = -2 Therefore f(x) isa I-1 function and
) Sash=11____(1) has an inverse.
(@a+b)’ +qa+b)=21 . D) () f“(.r)= 15-3x
sohing simultaneously gives, : *
9 Domam: 1<x<3s.
=3 ora=c Range: 0<f'(x)<6.
23
b=-7 orb=1 .00 (x-1)7-16
M@ -S<fnsga (4 Smaflest &= =16,
G (i) ¢ < f(x) £ d
4 = 9< (x=1)-16 < 65
= 6<x<10
p=6, g=10.
™ ' w=1+JVx+16
2z
8. (i) x=—.
U] 3
(i) 2<f(x)<10.
- aee
(i) a
101
S
I v+ 07
1" = for -5<x<]| :
(i) ()=
) Sx-4 4 :
for l<x<4 |
X R I
24 I
5.G) =11 :
= 22x-3)-3=11 = «=5 —
. . 0 n T3 > '
(i) Range: g(x)> -4. 3 = -
(i) x< -6, x>2 -7
™ gfx)=p ,

> 4x° -4x—(p+3)=0
use h” —dac=0

= An:—-l

(iv) ()= 2c05"'(%].

\
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! ) 1-5¢h
9. () (a+b) =2 = a+b=8 (i) fg(n= e
2 =
(9a+h)' =16 = Ya+bh=64 x-S
solved simultaneously gives, 2

(i)

50. ()
(i)

(i)

()

51, (i)

(ii)

(iii)

(v)

)

52. (i)

a=7, b=1
4 |
f (X)-'-—_’(X -1

Domamof f'= x21

x = | 68 radians.
»4;

0 - e
For the given domain, f(x) 1s a one-one
function and so has an inverse.

f_l =2 Vl(i__é)
(x) cos 3

f(x)=p
= 2x -6x+5-p=0
Apply Discriminant < 0

1
= p<—
P=3

2
g(x)=2(x—%J +%

1
—<glx)<13.
5 g(x)

h-lfx)‘—’ 3+42x-1
2

f(x)=

2x+5

Domianof f(x): x2 -%

55.

56.

7. (i)  g(x)isdefined for v < -1,

-

) —Ax-3)°=+4

(ii) smallest value of m =3 4
(i) ' (x)=3+J4-x. Domamn: r<0 {
' (x)=gf(x) ;
= IS _403x+2)-12 > r:i

(i) f(x)=x"+6x-8
=(x+3)7 =17
Rangeof f: f(x)>-17

(i) a=5 and f(x)=0 gives, 1~ +Sv+h=0
givenroots are: x=k and x=-2%k
= X +5x+h=(x—k)}x+24k)
= X +Sx+b=x+hk-2k7

by comparison, k=35, b=-350

(i) f(x+a)=a
= (.t+a):+a(.r+a\+h=u
= ¥ +3ax+(2a° +b-a)=0
Using b —4ac <0 gives,

a’ <4(b-a)

0 3(x-1)7-1
(i) f'(x)=3x"-6x+7
=3(x-1)? +4
As f'(x) >0 forall values of x,
= f(x) is an increasing function.

and f{x) =3x+1

5
= 3x+l<-1 » x<-Z=

5
largest value of a = - =

(i) fg(x)+14=0
= 3(=1-2")+1+14=0
> =4 o> yx=+2

(iii) gf(x)<-50

= —1-Gr+1)° <-50 =
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Topic 2-Answers 9 )

8. -s<fin<y

62. () fg(,l)= : -2 =Sy

B

4

() (0, -1y and (0253, 0)
(i) y = fix)® Range of fg(x): fg(x)20

- -1 -4—2,\’
() g (0= TR

Domainof g7 (x). 0<x<?

v

Rangeof f: 3<f(x)<7

v=15-2sinx

™ f ‘u’)zsm"’(n‘l]
4

Domamoff"(x): -5<x¢<3
Range of f'(x): -y s (x)<in

§9. ff(x)=-20+9x, gf(2)=-2 ! ! ! :
=2 -2049x=-2 = x=2 Py! ' X ! X
60. () f(x)<3 i : ; ;
= 6x-: -553 A .' '
= (x-4)x-2)20 = x<2 r>4 . ; é , -
()  Ehmnating y, we have, 0 % % 3, T X
= bX—x:-5=mx+c )
= ,t2+(m-6)x+(c+5)=() (i) 5-2sin2x=6 = sin2x=_l
Use, Disc.=0, = dc=m?—[2m+16
1o 7l
) = 2x=—m, —1 = X=—x, —n
(iii) 4-(x-3)° 6 6 1277 12

(iv) The smailest value of k = 3.

™ g ()=3+Jd-x
S5-x

: |
5 [ = —si 1
6. () fg(x)=2(ax" +h)+3 ™ g () 55 (——2 }
=2ax* +2b+3

by comparison with fg(x) = 6x° - 21

(iv) From graph, & =%

64. (i) (2x+3)° +1

2a=6 = g=3 (i) g(x)=2x+3
W+3=-21 = b=-12 3
Gii) (fg) (1) = a1 -2
(ii) f(x) 15 defined for x > 0, 2 2
Subst. ¢ and b into g gives, g(x)=3x’ 12 Domain of (fg) ': x> 10
= 3’1220

= (x+2)(x-2)20 = x<-2, x=22

max. value of ¢ = -2
(iii) Rangeof fg: fg(x)233

(iv) (fg) Hx)=- \_+(_2_l Domainis: x = 33
)
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TOPIC 3

Coordinate Geometry

S. The curve y? =12«

intersects the line 3y =4x+6 at two points. Find the distance between the two
points. [J06/P12/Q5]
6.
-"
A C(6,15)
B(13,11)
D
A(1,3)
—» X
0
The three points A(l, 3), B(13, 11) and C(6, 15) are shown in the diagram. The perpendicular from C
10 AB meets AB at the point D. Find
(i) the equation of CD,
(ii) the coordinates of D. [NO6/P12/Q5]
7.
Y
A
A2, 14)
B
(—-2,8)
D
. » X
(0] C

The diagram shows a rectangle ABCD. The point 4 is (2, 14), B is (-2, 8) and C lies on the x-axis.
Find

(i) the equation of BC,

(ii) the coordinates of C and D. [JO7/P12/Q6]
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The three powns 4 (3, 83 86 2)and C 710, 2) are y
shown n the dagram The poswt D » such thar the T
lme DA 1 perpendscuiar 10 AB and DC w paraiie! 10 , .
AB Calculate the coordmates of D i

[NOTP12/06) \

B4, 2)

In the diagram, the points 4 and C lie on the x- and y-axes respectively and the cquation of AC is _'
2y + x = 16. The point B has coordinates (2, 2). The perpendicular from B to AC meets AC at the
poumt X

(i) Find the coordinates of .X

The point D 1s such that the quadnlateral ABCD has AC as a line of symmetry.

(if) Find the coordinates of D

(ihi) Find, correct to | decimal place, the penmeter of ABCD. [JO8/P12 :‘:

8
The equation of a curve 1s y =5-—
x

() Show that the equation of the normal to the curve at the pont P2, 1) 1s 2y + x = 4.
This normal meets the curve again at the point ()
(i) Find the coordinates of Q

(i) Find the length of PQ [NOS/P12/g
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12

13

14.

The dugram shows pomts 4. B and C lying on

the hne 2y =x + 4 The pomt 4 hes on the yaxis
and 4B = BC The lne from DX10 -3) 10 8 1s

perpendicular 10 AC Calculate the coordinates of
8 and C

[J09/P12/08)

The diagram shows a rectangle 48CD. The point
A5 (0, -2) and C1s (12, 14). The diagonal BD
15 paralle! to the x-axis.
() Explain why the y-coordinate of D is 6.

The x-coordinate of D is h.

(1) Express the gradients of AD and CD in
terms of A.

(i) Calculate the x-coordinates of D and B.
(v) Calculate the area of the rectangle ABCD.

[NO9P12/Q9]

The diagram shows a tnangle ABC in which 4 1s

(3, -2)and B s (15, 22) The gradients of AB,

AC and BC are 2m, -2m and m respectively,

where m 1s a positive constant

(i) Find the gradient of 45 and deduce the
value of m.

(i) Find the coordinates of C
The perpendicular bisector of A8 meets 5C at D.

(i) Find the coordinates of D
[J10/PLLQS)

In the diagram, A 1s the point (1, 3) and B s
the point (3, 1). The line L, passes through A
and is parallel to OB. The hne 1., passes through
B and is perpendicular to AB. The lines L, and
L, meet at (. Find the coordinates of C.
[J10/P12/Q4]

¥
¢
dl/C
B A
L~
0 \ >
\
\D(lﬂ_ -3
!
C2. 14
B

s
B(15,22)
q
O V » U
A3, -2)




AL Mathematics (P1)

1S. The diagram shows a rhombus ABCD in which

16. The diagram shows part of the curve v =l———

the point 4 is (-1, 2). the point Cis (5, 4) and

the point B lies on the y-axis Find

(i) the equation of the perpendicular bisector of
AC,

(ii) the coordinates of B and D,

(iii) the area of the rhombus. [J10/P13/Q8]

2
- X
and the line y=3x+4 The curve and the line
meet at points A and B.
(i) Find the coordinates of 4 and 5.

(ii) Find the length of the line AB and the
coordinates of the mid-point of AB.

[N10/P12/Q8]

Topic 3 Coordinate Geometry D

<

(5.4

v
-

D

17. Points A, B and C have coordinates (2, 5), (5, -1) and (8, 6) respectively.

19.

(i) Find the coordinates of the mid-point of AB.

(i) Find the equation of the line through C perpendicular to AB. Give your answer in the form

ax + by +c=0.

[N10/P13/Q2]

The line x - y + 4 = 0 intersects the curve y = 2x* — 4v + | at points P and Q. It is given that the

coordinates of P are (3, 7).
(i) Find the coordinates of Q.

(ili) Find the equation of the line joining Q to the mid-point of AP,

[J11/PLL/Q10(), (iii)]

The line L, passes through the points A (2, 5) and B (10, 9). The line L, 1s parallel to L, and passes
through the origin. The point C lies on L, such that AC is perpendicular to L,. Find

(i) the coordinates of C,
(i) the distance AC.

[J11/P12QT] =

— ::‘_

A o e G A e A 7

3 -

R R T
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21.

22.

23.

Topic 3 Coordinate Geometry _ § |

4 y .
The ime ;o’;si,Ml“hﬂmmmmthcr-nuandﬂrwuan

Given that PO = V45 and that the gradient of the line PQ 1s - | find the values of a and b.
[J11/P13/Q3)

The diagram shows a quadnlateral ABCD in
which the point 4 1s (-1, ~1), the pont B is
(3, 6) and the point C 1s (9, 4). The diagonals
AC and BD mntersect at M. Angle BMA = 90 CO. .4
and BM = MD '
Calculate M
(i) the coordinates of M and D,
(i) the rato AM  MC

B(3.6)

/IQ — X
)

[N11/P12/Q9] e
A1, -|£‘§/
D

y= 20+ 3]
The diagram shows the curve y = 2x° = 3¢ and the line y = 2x intersecting at points 4, O and B.
(i) Show that the x-coordinates of A and B satisty the equation 2x* + 3% -2 = 0.
(i) Solve the equation 2x* + 3% 2 =0 and hence find the coordinates of 4 and B, giving your
answers 1n an exact form. [N11/P13/Q3]

The coordinates of A4 are (-3, 2) and the coordinates of C are (5, 6). The mid-point of AC is M and the
perpendicular bisector of AC cuts the x-axis at B.

(i) Find the equation of MB and the coordinates of 8.

(i) Show that AB is perpendicular to BC.

(iii) Given that ABCD is a square, find the coordinates of D and the length of AD. [J12/P11/Q9)]
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S) and the point B has coordinates (7, 1) The perpendicular bisectgy

24. The point A has coordinates (-1, -
culate the length of CD [J12/P12/Q4)

of AB meets the r-axis at C and the y-axis at D. Cal

'\ ,
/ 25. The diagram shows a triangle ABC in which A4 B5.11)
has coordinates (1, 3). B has coordinates (5. 11)

and angle ABC is 90°. The point X (4, 4) lies on

AC Find /
(@) the equation of BC, 7
(ii) the coordinates of C [N12/P12/QS] M\

ALY
— L
0
26. The point R is the reflection of the point (-1, 3) in the line 3y + 2x= 33
Find by calculation the coordinates of R. [J13/P12/Q7]
y
1 =Vl +4
27. The diagram shows the curve y=4(1+4x), = i
which intersects the x-axis at 4 and the y-axis at
B. The normal to the curve at B meets the x-axis
at C. Find
(i) the equation of BC, B
(i) the area of the shaded region.
[J13/P12/Q11]
A0 c
Yy
A A1)

28. The diagram shows three points A(2, 14),
B(lé, 6) and C(7. 2). The poivnt X lies on AQ, and X
CX is perpendicular to AB. Find, by calculation,
(i) the coordinates of X,
(i) the ratio AX : XB. [J13/P13/Q7]

B (14, 6)

C(,2)

(@]

29. The point A has coordinates (-1, 6) and the point B has coordinates (7, 2).
(i) Find the equation of the perpendicular bisector of AB, giving your answer in the form y = my+¢
(ii) A point C on the perpendicular bisector has coordinates (p, ¢). The distance OC is 2 Lmits, where
0 is the origin. Write down two equations involving p and ¢ and hence find the coordinates of

the possible positions of C. /;VI}/PH/Q”
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30. The diagram shows a rectangle 4ABCD in which y
point 4 1s (0, 8) and point B is (4, 0). The ‘ D
diagonal AC has equation &y ¢ x = 64. Find. by
calculation, the coordinates of C and D
[N13/P12/Q5)
A
0, 8)
C
> X
(0] B(4,0)

31. The point 4 has coordinates (3. 1) and the

point B has coordinates (-21, 11). The point C is the mid-
point of AB.

() Find the equation of the line through A that is perpendicular to y=2-17.

(i) Find the distance AC, (N13/P13/Q3]

32. The coordinates of points 4 and B are (a, 2) and (3, b) respectively, where a and b are constants.

The distance AB is /(125) units and the gradient of the line 4B is 2. Find the possible values of a
and of b. [J14/P11/Q7)

33. Find the coordinates of the point at which the

perpendicular bisector of the line joining (2, 7) to
(10, 3) meets the x-axis.

[J14/P12/Q1]
34.

dy=x+11

» X

0
The diagram shows a parallelogram ABCD, in which the equation of 4B is y = 3x and the equation of
1D is 4y = + 11. The diagonals AC and BD meet at the point £(64, 81). Find, by calculation, the
’ JI14/P13/011
coordinates of A, B, C and D. [ Ql11]
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38

37.

39.

40.

41.

The line 4x+ kv =20 passes through the pownts 43S, —4) and B(b, 28 where & and » are coastany

() Find the values of & and A

(i) Find the coordinates of the mid-pomnt of 48 INIPIQy

¥

[}

D
The diagram shows a trapezium ABCD mn which _—
AB is panallel to DC and angle 54D is 90° The ) ,
coordinates of 4. B and C are (2, 6), (S. -3) and
(8, 3) respectivehy
CRN
]

(® Find the equanon of 4D
(i) Find, by calculanon, the coordinates of D.
The point £ is such that 4BCE is a parallclogram.
(iii) Find the length of BE. 5
(
[NI4PI2Q9)]

Ll

A is the pomnt (a, 2a-1) and B is the point (2a +4, a2 +9), where a 18 a constant

(1 Find, in terms of a, the gradient of a line perpendicular o 458

(i) Given that the distance 48 15 260, find the possible values of . [NI4 P13 Qo)

The line with gradient -2 passing through the point 23z, 21) intersects the v-axis at 4 and the v-anis at 8.
(i) Find the area of trangle 408 in terms of ¢,
The line through P perpendicular to 48 intersects the v-axis at €

(i) Show that the mud-point of PC lies on the line v = v, (J1S PLLQ6)

The point C lies on the perpendicular bisector of the line jomng the pomts 4(4, 0) and 810, 2).
C also lies on the hne parallel to 4B through (3. 11

() Find the equation of the perpendicular bisector of 48
(ii) Calculate the coordinates of C. (S PLQ?)

The point A has coordinates (. 1) and the pomt 8 has coordinates (9. 3« Dowhere poas aconstant

(i) For the case where the distance A8 15 13 unmits, find the possible values ot p
© 30 =9 s perpendicular o A8, tind the value of o

(i) For the case in which the line with equation 1\
(IS PLIQTY)

Points A, B and C have coordinates A(-3, 7), B(S, Dand €1, &), where £ v a constant,
(i) Given that AB = BC, calculate the possible values of 4.
Ihe perpendicular bisector of A8 ntersects the v-axis at /)

/NS PR

(1) Calculate the coordinates ot /).
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42.

4.

45

47.

Topic 3 Coordinate Geometry | OA_'

. 4
A curve has equation _\‘=3r—: and passes through the points A(1, - 1) and B(4, 11). At each of

the points C~and D on the curve, the tangent is paraliel to AB. Find the equation of the perpendicular
bisector of CD [J16/P11/Q8]

Three P?ims have coordinates 4(0, 7), B(8, 3) and C(3k k). Find the value of the constant  for which
(i) C lies on the line that passes through 4 and B,

(i) C lies on the perpendicular bisector of 4B. [J16/P12/Q8]

Tnangle ABC has vertices at A4(-2, -1), B(4, 6) and C(6, —3).

(1) Show that triangle ABC is isosceles and find the exact arca of this triangle.

(1) The point D is the point on 4B such that CD is perpendicular to AB. Calculate the x-coordinate
of D. [J16/P13/Q11]

C is the mid-point of the line joining A(14, -7) to B(-6, 3). The line through C perpendicular to A8
crosses the y-axis at D.

(i) Find the equation of the line CD, giving your answer in the form y =mx+c.

(ii) Find the distance AD. [N16/P11/Q4]

Xy - :
The line -—+; =1, where a and b are positive constants, intersects the x- and y-axes at the points A
a

and B respectively. The mid-point of 48 lies on the line 2x + y = 10 and the distance AB = 10. Find the
values of a and b.
[N16/P12/Q5]

Three points, A, B and C, are such that B is the mid-point of AC. The coordinates of A4 are (2, m) and
the coordinates of B are (n, —6) where m and n are constants.

(i) Find the coordinates of C in terms of m and n.

The line y=x+1 passes through C and is perpendicular to AB.

(ii) Find the values of m and n. [N16/P13/Q6]



4 Mathematics (P1)

Topic 3 -Answers B

1

i

- ANSWERS — )
| Topic 3 - Coordinate Geomelry B
§.  Solving simultancously gives, 12. () Mid-point of AC is (6, 6)

10.

1.

.3; and (3, 6)

A

1
distance = 3.75 units

(i) Equationof CD: 3x+2y=48

(i) Equationof A8 3y-2x=7
Solve simultaneously equations of A8
and CD
= D(0, 9)

(i) Equatonof BC: 2x+3y=20

(i) CU0,0), D4, 6)

Equation of CD
Equation of DA
solving simultaneously gives D(6.2. 9.6)

x+y=22

2v=x+13

(i) Equatonof AC: 2y+x=16
Equationof BX: 2x-y=2
solving simultaneously gives, X'(4, 6).

(i) D6, 10)

(i) Perimeter = 2( | 48| +|BC] )

= 2(\"(50—0 + \/76) =40.9 umts.

(i) Gradient of tangentat P =2
- Gradient of normal at P = —

Equation of normal at £ x+

(i) Solve simultaneously equations
of curve and normal
= (-8, 6).

(i) |PQ| =55 unus.

Equationof ABC: 2y =x+4
Equationof BD: y+2x=17
solving simultaneously gives, B(6, 3).
Mid-point of AC = coordinates of B
= (12, 8)

mid-point lie on 8D.
BD 1s paraliel to x-axis
= y-coordinate of D is 6

8
(i) Gradient of AD = —’;

dient of CD =
gradient 0 12

(iii) (Gradient of AD)Gradient of €D) = -1

= h=-4 and l6.
y-coordinate of 8 is — 4, and
x-coodinate of D is 16.

(iv) Area =|ABlx|AD|
=160 units”.

13. () Gradientof 4B =2

2m=2 = m=1

(i) Equationof AC: y+2x=4
Equation of BC: y-x=7

solving simultancously gives, C(-1, 6),

(ii)) Mid-point of AB =(9, 10)
Equationof L of AB: 1+

-~

y=

-

Equationof BC: y-x=7

solving simultaneously gives, (5, 12).

-3y =-10

14. Equanonof [, : x
Equationof L, 2x-y =5

solving simultaneously gives, C(S, 5)

15. (i) Mid-pointof AC =(2,3)
Gradientof L of AC = -3
Equation: 3x+y =9

(i) B0, 9), D4, -3)

i) |4t = V40, 18D = 160

Area = 40 units?.

16. (i) By simultaneous equations,

2
A-1, 1), H(-, ()J,
13




4L lkm Py

() AR - 27 unity

N
™ ‘a b f’
- \
1. @  Midpown of m-;-i.:;
M - 2vedan
I8 ® Solve imultancously gives,
ML TR R
= (24N - =0
o -1l

(M) Midpomtof 4P = (2 3

Equation 4§, =17
19. (0 Equatonof 4C y+21=9
Equatonof L, e -i- '

solving simultancously gives, C( '?. :)v

~

/s
@ |aci- Ri = 1 SR units

20. M 0). (N0, )
lm . V"E

= g’ e =48

Gradsent of PQ « -+

b
IR R
a 2
solving simultaneously gives
a=6 b= 3

21 (0 EgnofAC, -2y =1
Eqnof BD, 2x+ ) =12
simultaneously solved gives M(S, Q)
Mid-point of 80 = M
> X7, -2)
() AM MC =3 2

22. () At point of intersection,
27063 =2
5> At et - =0

5 0t e e

.

M

>3
»n

27,

28

s s g b

W 2

[ | -
1 o -V, '( -v:]
R i

0 Mudpomntot 4C = (1, 4)
Fquatonof M8 2vse p =6
Coordinatesof & (3, 0)

(W) (Gradient of 48) < (Gradient fo BC)

) 6)
- ‘E (" |
(6T
{8 BC

i DCL S D =210 o 632 unite,

Equationot L ot 48 dv e 3y =6
(3 a)
atC, v =0, Cuw| .0
\ < !
atd, =0, Das 0, )

Length of €D = 2 S units

() vy =27

(i) Equationof 4C 3y~ v =y
solve sumitaneously equations of 8¢

and 4C gives C(13, 7).

Equation of the line passing through (-1, 3)
and perpendicular to given lineis Qv -3y =9
Solving the two equations simultancously
gives (3, 9), which is the mid-point of
Rand (-1, 3)
Theretore using mid-point formula R s (7, 15)
(1) Coordmates of 8 are (0, 1) {
equation of BC v+ 2y =2 ;
! |
(i) Length of BC = VS i
Angle BCO = 0 464 radians b
\rea of shaded region E
arca of sector 48C =1 16 umt’
|

Qv+ 3 =40

Wh-2v=1?

(') iq ot 48
EFq of CX
simultancously solved gives, \ (11, 8)

() Using vectors, (VU =3\
> 4V B =1
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—

2’- (l) _;-*221’—2. }

- : 7 ‘ . “

() Subst. C in part () gives =2y 37, M jent perp. to 48 = {a m)
0C=2 = p2 2. v )
solvin o o gy

& simuitaneously. point C s, '
(0, —2)andg"§ L3 :v'(zau-m".na.o-h‘l)z"“w
s s St

30. Equationof AC. Ry+y=64 38. () Equationofhne AB: 2x+y=%
3y -4 = A4, 0). B0, &)

[q‘mOﬂ of BC. x-2
(i) Equation of line perp. to AB: 2y =x+!

Using vectors, or parallelogram method
Dis(12, 14). = C(-1¢, 0).
3. @) 2y+x=S Mid-pt of PC = (1, 1) which lies on v = x.

(i) Mid-point of AB = (-9, 6) 39. (i) Equationof L of AB: 3x-2y=13

;AC: =13 units. (") Eqn of line ” to AB and pmlng
through (3, 1) is: 2x+3y= 39
simultaneously solved gives C(9, 7)

32. () |AB|=VI125

= Ja-3) +(2-6)? =125 0. () [4Bl=13
Gradient of 4B =2 = JO-p)+@p+1-1? =13
) S
= b = =2 = 10p° -18p-88=0
3-a |
solving simlutaneously gives, = p=4 or B
a=-2. b=12 or a=8 b=-8 (i) Grad. of given line x Grad. of 4B = —1
33. Equation of perp. bisector . 2x—y =7 — _Ex 3p -1
coordinates are : (3.5, 0). 3 9-»
= p=3.
34. Simultaneously solved equations of Q) k=7 P
AD and AB, gives A(l, 3) ' (f SoooemEen
Using £ as the mid-point of AC gives C(12, 14) W) Equuugn of L of48: 3y-4x=38
‘ ‘ atx-axis, y=0, = D(=2,0)
Use simultancous equations, or mid-point
tofind Band D. D(9, 5) B(4.12) ) ) 4
! 42. Grad. of curve: ?— =3-—, Grad. of 4B =4
8. () k=3 b=2 4 o .
= 3-—=4 = x=4#2

X’
‘ subst. x into eq. of curve gives,
36. (i) Iy=x+l6 C(2,4), D(-2, -4
y=27-3x Mid-point of CD = (0, 0)

(i) Mid-point = (5, 0).

(ij) Equation of DC:
Solve simultaneously LqU:lllOl]a of A © Eqof L ofCD: y= —lx
and DC. = D(6.5, 7.5). ) 2

(iii) Coordinates of E(5, 12).
Length of BE =15 units.
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43.

44. (i)

45. (i)

Gradient of AB = gradient of AC
3-7 k-7

8-0 3k-0
(i) Mid-pointof AB, M =(4.5)

U]

= k

=28

(gradient of CM ) x (gradient of 4B) = -1

:"{SWL 7}—-1 = k=
| 8-0

Using distance formula,
4B =85, BC=v85

AABC is isosceles.
Mid-pt of AC, M=(2,-2)
— ht. of AABC is, BM

arcaofAABC=—;—x AC x BM

=34 units’

(i) Grad of AB =%

Equation of AB:
Equation of CD:

solving simultancously gives,

Mid-pt of AB=(4,-2),
Grad of AB = —%,
Eq.of CD: y+2=2(x-4)
= y=2x-10
(i) A(14,-7), D(0, -10)

. | AD| =205

Point B is (0, b)
Mid-pt of AB =(£, QJ

2 2
subst. mid-pt into the line 2x + y =10

= 2(£J+(éj =10 > b=
2 2

given, |AB|=10 = a’+b* =100
solving (1) and (2) simultaneously,
a=6, b=8

Point A is (a, 0),

6
+3=—-=(x-
) 7(

0.6

7
+1=—(x+2
) 6( )

6)

34
85

~C(4,-2)
= Gradof CD=2

= Grad of CD——%

2

x=—=-

5

7. (i)

(ii)

|
]

Topic 3-Ansm ,2
Mid-pt of AC =point B
= point C(2n-2, -m-12)

Subst. point C Into y = x+],

= m+2n=-11
Grad. of ABx Grad of line = -
m+6

xl=-1 = m-n=-§
2-n
solving simultaneously gives,
m=-9 n=-1
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Topic 4 Circular Measure L )

TOPIC 4

Circular Measure

The diagram shows a circle with centre O and radius
8 cm Points 4 and B lie on the circle The tangents at

A and 8 meet at the point 7, and AT = BT =15cm.

(i) Show that angle 40B is 2.16 radians, correct to
3 sigmificant figures.

(i)) Find the perimeter of the shaded region.

(iii) Find the area of the shaded region.

[JO6/P12/Q7] 7 T
A 15cm
c A D
In the diagram, AO8 is a sector of a circle with ;
centre O and radius 12 cm. The point A4 lics on
the side CD of the rectangle OCDB.
1 .
Angle AOB8 = —x radians. Express the area of the %
3 <
shaded region in the form a(\/i)—bfr, stating the
values of the integers a and b. jl,r
NO6/P12/
[NOG/P12/03] 0 12 cm 8

In the diagram, OAB is a sector of a circle with
centre O and radius 12 cm. The lines AX and BX / N
are tangents to the circle at 4 and B respectively / \\

Angle AOB = 3—l/r radians.

(i) Find the exact length of AX, giving your answer

in terms of /3. |
(ii) Find the area of the shaded region, giving your
{7 rad
v 12¢cm B

answer in terms of x and \/5
[J07/P12/05]



AL Mathematics (P1) Topc 4 Circular Meay

8. In the diagram, AB is an arc of a circle, centre O
and radius r cm. and angie 40B =6 radians The
pomt X hies on OB and AX is perpendicular o O8

(i) Show that the area, 4 cm’, of the shaded region AXB

IS given by ram
Az%r:m—smﬁcosé’) 1/’
N l /
(i) In the case where r = 12 and # =—7. find the /
6 £ 8 rad

penimeter of the shaded region AXB, leaving your 0¢

answer in terms of 3 and 1.
[NO7/P12/Q7]

9. The diagram shows a circle with centre O and
radius S cm The point P lies on the circle, PT is a
tangent to the circle and PT = 12 cm. The line OT /’ \
cuts the circle at the point Q. (

(1) Find the perimeter of the shaded region.
(i) Find the area of the shaded region. \

[J08/P12/Q5] \

S b A A ek N il A e sl i 8 s o

\ i, 7 ‘
e !
P 12cm T
10. In the diagram, the circle has centre O and radius ;
Scm. The points P and Q lie on the circle, and the ;
arc length PQ is 9cm. The tangents to the circle 2
at P and O meet at the point 7. Calculate A

Py eI

(i) angle POQ 1n radians,
(ii) the length of PT, r

(e}

(iii) the area of the shaded region. 3
[NOS/P12/Q6] |

|

1

11. The diagram shows a circle with centre O. The *.g

circle is divided into two regions, R, and R,, by
the radii OA4 and OB, where angle AOB =6
radians. The perimeter of the region R, is equal
to the length of the major arc AB.

(i) Show that ¢ =r-1.

(ii) Given that the area of region R, is 30 cm?,
find the area of region R, , correct to 3
significant figures.

[J09/P12/05]
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12. The diagram shows a semicircle ABC with centre
O and radius 6 cm. The point B is such that angle
BOA 15 90° and 8D is an arc of a circle with
centre 4. Find

(i) the length of the arc BD,
(i) the area of the shaded region.

[NO9/P11/Q5)

13. The diagram shows a metal plate ABCDEF which
has been made by removing the two shaded
regions from a circle of radius 10 cm and centre
O. The parallel edges AB and ED are both of
length 12 cm.

() Show that angle DOE is 1.287 radians, correct to

4 significant figures.
(i) Find the perimeter of the metal plate.
(iii) Find the area of the metal plate.

[J10/P13/Q7]

14.

Topic 4 Circular Measure

0 12cm

R

3

The diagram shows two circles, C; and (), tuching at the point 7. Circle C has centre P and radius
8 cm; circle C, has centre Q and radius 2 cm. Points R and § lie on C| and C, respectively, and RS is

a tangent to both circles.
(i) Show that RS =8 cm.

(i) Find angle RPQ in radians correct to 4 significant figures.

(iii) Find the area of the shaded region.

[NI0/PL1O9)
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a

P

18. Th: diagram shows points A, C, B, P on the
circumference of a circle with centre O and radius

3em

Angle AOC = angle BOC = 23 radians /

(i) Find angle AOB in radians, correct to 4 significant !
figures (

(i) Find the area of the shaded region ACBP, correct !
10 3 significant figures \‘

Y ————

SO

[N10/P12/Q4]

16. The diagram shows a rhombus ABCD. Points P A t
and Q e on the diagonal AC such that BPD s
an arc of a circle with centre C and BQD is an arc
of & circle with centre A. Each side of the rhom- P
bus has length 5 cm and angle BAD = 1.2 radians.

(i) Find the arca of the shaded region BPDQ.
(i) Find the length of PQ.
[N10/P13/Q8]

17. In the diagram, OAB is an
isosceles triangle with OA = o A
and angle AOB =2 @ radians.

Arc PST has centre O and radius r, and the
line ASB is a tangent to the arc PST at §.

(i) Find the total area of the shaded regions in

0]
6. find the total perimeter of the shaded re

terms of r and 0.

(i) In the case where 0=4n and r=

answer In terms of ﬁ and .

18. In the diagram, AH is an arc of a circle, centre 0
and radius 6 cm, and angle

The line AX is a tangent 10 th
OBX is a straight linc.
e exact length of AXis 0

AOB = %zr radians.

¢ circle at A, and
6o

(i) Show that th 3 cm.

I
il

gions, leaving your

[J11/P11/Q9]

Find, in terms of n and \/5 0 L

(ii) the arca of the shaded region,
(ifi) the penimeter of the shaded region.
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19.

20.

21,

1\ 6 rad
0 A

The di .

ch iagram represents a metal plate OABC, consisting of a sector OAB of a circle with centre O and
radius r" together with a triangle OCB which is right-angled at C. Angle AOB = 0 radians and OC 1s
perpendicular to OA.
(i) Find an expression in terms of r and @ for the perimeter of the plate.

o F - )
(i) For the case where r=10 and 0= sz't, find the area of the plate. [N11/P11/Q5]

10 ¢m

The diagram shows a circle C, touching a circle C, al a poit X. Circle €, has centre A and radius
6 cm, and circle C, has centre B and radius 10 cm. Points D and £ lic on €, and G, respectively and

DE is parallel to AB. Angle DAX = ;/r radians and angle £BX = ¢ radians.
(i) By considering the perpendicular distances of D and E from AB, show that the exact value of € is

10
(ii) Find the perimeter of the shaded region, correct to 4 significant figures.* [N11/P12/Q6]
D 10 cm C

In the diagram, ABCD is u parallelogram with
AB=BD=DC =10 cm and angle ABD = 0.8 radians.
APD and BQC are arcs of circles with centres B
and D respectively.

(i) Find the area of the parallelogram ABCD.

(i) Find the arca of the complete figure ABQCDP.

(i) Find the perimeter of the complete figure
ABOCDP. [NII/PI3/OA] A 10 cm

10 cm

I3
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22. In the diagram, ABC is an equilateral wriangle of side 2
cm. The mid-point of BC 1s Q- An arc of a circle with.
centre 4 touches BC at (. and meets 4B at P and 4C at

R Find the total arca of the shaded regions, giving your

answer in terms of ~ and V3
[J12/Pii Q3]

23. The diagram shows a metal plate made by removing a
segment from a circle with centre O and radius 8 cm.
line AB is a chord of the circle and
anglec AOB = 2.4 radians Find

() the length of AB,

(ii) the perimeter of the plate,

(i) the arca of the plate. [J12/P12/Q6]

In the diagram, 4B 1s an arc of a circle with centre O and
radius  The line XB is a tangent to the circle at
B and A 1s the mid-point of OX.

24.

(i) Show that angle AOB = {'r radians.

Express each of the following in terms of r, 1 and V3 :

(ii) the perimeter of the shaded region,
(iii) the area of the shaded region.
[J12/P13/Q8]

25. The diagram shows a sector OAB of a circle with centre
O and radius » Angle 40B is 0 radians. The pomnt C on
OA 1s such that BC is perpendicular to OA. The point D
is on BC and the circular arc AD has centre C.

(i) Find AC in terms of r and 0.
(ii) Find the perimeter of the shaded region ABD when

o= { 7 and r =4, giving your answer as an

exact value.
[IN12/P11/Q6]

TOplC 4 Circular \’Fﬂ%

0

0 rad
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26.
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-1

oo

Topic 4 Circular Measure | 7 |

The dingram shows a sector of a circle with centre
( and radius 20 cm. A circle with centre C and
radius x cm lics within the sector and touches it
at P, Qand B Angle POR = 1.2 radians

() Show that x=7.218, correct to 3 decimal places.

(ii) Find the total area of the three parts of the sector
lying outside the circle with centre C.

(i) Find the perimeter of the region OPSR bounded by
the arc PSR and the lines OP and OR

[NI2/P12/Q11]

. In the diagram, D lies on the side A8 of triangle ABC

and CD 1s an arc of a circle with centre 4 and radius

2 cm. The line BC 1s of length 243 cmand

1s perpendicular to AC. Find the arca of the shaded
region BDC, giving your answer in terms of x

and \G.
[N12/P13/04]

. in the diagram, O48B is a sector of a circle with centre O

and radius 8 cm. Angle 804 1s @ radians. OAC is a
semicircle with diameter Q4. The area of the semicircle
OAC is twice the area of the sector 048,

(i) Find @ interms of 7.

(i) Find the perimeter of the complete figure in terms
of x.

[J13/P11/Q3]

. The diagram shows a square ABCD of side 10 ¢cm. The

mid-point of AD 1s O and BXC is an arc of a circle with
centre O.

(i)  Show that angle B8OC 15 0.9273 radwuns, correct 1o
4 decimal places.
(i) Find the perimeter of the shaded region.

(iii) Find the area of the shaded region.

[J13/P12/04]

23 cm

X
B C
10 ¢m
\ D
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30. mmgmm.m&:cmmomms
cm. The radii OP and OQ are eiended o § wd £
W}‘mdﬂOﬁSnzWof:ax%-ﬂh
centre O. Given that PS = 6 cm and that the area of &e
shadcdmgjmiseqdmth:mdmiec.

() show that angle POQ = + = radiams.
(i) find the perimeter of the shaded regom
[J13/Pi3 02/

1

3 SI.md@mm:mpmwwmw
- two pieces. OABCD (shaded) and OAED (unshaded) The
piece OABCD is a munor sector of a circle with centre O
and radius 2r. The piece OAED 1s a major secior of 2
circle with centre O and radrus r. Angle AOD s a
radians. Simplifying your answers where possible, find, =
terms of a, « and r,

(i) the perimeter of the metal plate.

(ii) the area of the metal plate.
hismwgivcnmntheshadcdmdmuhadcdpiccaar:

equal in area
(iii) Find @ in terms of 7. [N13/P11/Q6]

height is 8 cm. The paper is cut from A to O and ou fC ]

| y nd opened out 1o form the sector shown in Fig. 2. &

circular bottom edge of the cone 1n Fig. | becomes the arc of ' Fiz 2. The g
' g f the sect ig 2 '

sector is # radians. Calculate fseia g, & Ko e

(i) the value of 0,

(ii) the area of paper nceded to make the cone. [N13/PL T
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33.

4.

36.

Topic 4 Circular Measure | 9 )

The diagram shows sector 048 with centre O and
radius 11 cm. Angle 408 = a radians. Points C
and D lie on OA and OB respectively. Arc CD has
centre O and radius S cm.

() The arca of the shaded region ABDC is equal to %

times the area of the unshaded region OCD.
Find &

(i) The perimeter of the shaded region ABDC is equal
to twice the perimeter of the unshaded region
OCD. Find the exact value of a.

[N13/P13/06]

The diagram shows triangle ABC in which 4B is perpe
dicular to BC. The length of AB is 4 cm and angle CA
is a radians. The arc DE with centre 4
and radius 2 ¢cm meets AC at D and AB at E.
Find, in terms of a ,
(i) the arca of the shaded region,
(i) the penimeter of the shaded region.
[J14/P11/Q6]

. The diagram shows a sector of a circle with radius » cm

and centre O. The chord 4B divides the sector into a 0
triangle AOB and a segment AXB,

) X 0 rad rcm
Angle AOB is q radians.
(i) In the case where the areas of the triangle AOB A& B
and the segment AXB are equal, find the value of
the constant p for which € = psin6. X

(ii) In the case where r =8 and ¢ =2.4, find the

perimeter of the segment AXB.
[J14/P12/Q4]

The diagram shows part of a circle with centre O
and radius 6 cm. The chord AB is such that
angle AOB = 2.2 radians. Calculate

(i) the perimeter of the shaded region,

(i) the ratio of the area of the shaded region to the
area of the triangle AOB, giving your answer in
the form £ : 1.

[J14/P13/03]
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37. In the dizerarm 42 i )

<L AD 18 an arc of a circle with centre O A
3

C

OC, with centre 0 meets 04 at C.

a rad

: 0 S
(i) For the case where @ =1x. find the area of the 4em— D
shaded region 4BDC, giving your answer in the
form iz . where & is a constant to be determined.
[N14/P11°08)]
38. The diagram shows a tnangle 4A0B in which OA4 is 12 cm, P _.B
OB is S cm and angle AOB is a right angle. Point P lies 0
on 48 and OP is an arc of a circle with centre A. Point
Q lies on A8 and OQ is an arc of a circle with centre B. Sem
(i) Show that angle B40 is 0.3948 radians, correct to
4 decimal places. A 12 cm 0

(i) Calculate the area of the shaded region.

[N14/P12/02]

39. In the diagram, OADC is a sector of a circle with centre
O and radius 3 cm. AB and CB are tangents to the circle

and angle ABC =%:: radians. Find, giving your answer

»J]

in terms of V3 and =,
(i) the perimeter of the shaded region,

(ii) the area of the shaded region.

[N14/P13/02]

40. A piece of wire of length 24 cm is bent to form the perimeter of a sector of a circle of radius r cm.
(i) Show that the area of the sector, A4 cm?, is given by A4 = 12r - 2,
. . 2
(ii) Express A in the form a—(r-b)", where a and b are constants.

(iii) Given that r can vary, state the greatest value of A and find the corresponding angle of the
sector. [J15/P11/03]

i i a4
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In the diagram, AYB is a semicircle with 4B as

41.

diameter and OAXB is a sector of a circle with

centre O and radius ». Angle AOB =20 radians.

Find an expression, in terms of 7 and @, for the

area of the shaded region.

o 28 rad X Yi
[J15/P12/Q2]
b
B

42. In the diagram, OA4B is a sector of a circle with centre O

and radius r. The point C on OB is such that angle ACO A

1s a right angle. Angle 4A0B is o radians and is such that

AC divides the sector into two regions of equal area. r

(i) Show that sinacosa = Jz-a.

| 0

It 1s given that the solution of the equation in part (i) is

a =0.9477, correct to 4 decimal places. o

(i) Find the ratio C

perimeter of region OAC : perimeter of region ACB, B
giving your answer in the form & : 1, where k is given
correct to 1 decimal place.

(iii) Find angle AOB in degrees. [J15/P13/011]

43.

\ ,

L D

N

~

The diagram shows a circle with centre A and radius r. Diameters CAD and BAE are perpendicular
to each other. A larger circle has centre B and passes through C and D.
(i) Show that the radius of the larger circle is rﬁ.

[N15/P11/Q7]

(ii) Find the arca of the shaded region in terms of r.
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44. The diagram shows 2 metal piste 045C, consisting of a
right-angled triangle OAB and a sector OBC of a circle
with centre O. Angle 403 =06 radians. 04 = 6 cm and
OA is perpendicular to OC
m SbcwttmﬂxlcngzhofOst’E*Omcorredm n

3 decimal places.

(i) Find the perimeter of the metal plate.

(i) Find the area of the metal plate. /N5 P12/05] 0.6 rad ~
0 6em A

&
T Py

o el S iy

4S. The diagram shows 3 metal plate OABCDEF consisting
of 3 sectors, cach with centre O. The radius of sector c #

COD is 2r and angle COD is 6 radians. The radius of
cach of the sectors BOA and FOE is r, and AOED and
B E

CBOF are straight lines.

() Show that the area of the metal plate is r*(7+6).

P T
SRR LR S0 A G i o
AT ST S TRTWNERIDT T v

’ (i) Show that the perimeter of the metal plate is
independent of 6. [N15/P13/Q4]

et ss -
ERNESR ARl

46. In the diagram, AOB is a quaner circle with centre O and

radius r. The point C lies on the arc AB and the point D B
lies on OB. The line CD is parallel 10 AO and angle // 1
1

AOC = @ radians.
Cc/ D
(i) Express the perimeter of the shaded region in terms / =
of r, fand 7. ‘

d 6=0.6, find the

(ii) For the case where r =5 cm an
[J16/P11/Q7]

area of the shaded region.

47. The diagram shows a circle with radius r cm and centre

(). The line PT is the tangent (0 the circle at P and
angle POT =a radians. The line OT meets the circle at

0.
(i) Express the perimeter of the shaded region POT In
terms of r and «.

(ii) In the case where a = %fr and r = 10, find the

area of the shaded region correct to 2 significant
figures. [J16/P12/06]
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48.

-

The diagram shows triangle ABC where 48 =5 cm, AC =4 cm and BC =3 cm. Three circles with
centres at A, B and C have radii 3 cm, 2 cm and 1 cm respectively. The circles touch each other at

points £, F and G, lying on AB, AC and BC respectively. Find the area of the shaded region £FG.
[J16/P13/06]

49. In the diagram OCA and ODB are radii of a circle with

centre O and radius 2r cm. Angle AOB = «a radians.
CD and AB are arcs of circles with centre O and
radii »cm and 2r cm respectively. The perimeter of
the shaded region ABDC is 4.4r cm.

(i) Find the value of a.
(i) It is given that the area of the shaded region
is 30 cm?. Find the value of r.

[NI16/P11/Q3]

50. The diagram shows a metal plate ABCD made
from two parts. The part BCD is a semicircle. The
| part DAB is a segment of a circle with centre O
| and radius 10 cm. Angle BOD is 1.2 radians.

\

(i) Show that the radius of the semicircle is A
5.646 cm, correct to 3 decimal places.

| (ii) Find the perimeter of the metal plate.

) S

(i) Find the area of the metal plate.
[N16/P12/Q6]
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The diagram shows a major arc AB of a circle with
centre O and radius 6 cm. Points C and D on OA

and OB respectively are such that the line AB is a
tangent at £ to the arc CED of a smaller circle
also with centre O. Angle COD = 1.8 radians.

(i) Show that the radius of the arc CED is
3.73 cm, correct to 3 significant figures.

(ii) Find the area of the shaded region.
[N16/P13/Q5]

Q

| N e T A
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ANSWERS -

Topic 4 - Circular Measure

() InAOBT

15

:maérz? = BOT =1.0808

AOB =2BOT =12.16.

(i) Perimeter = 4B + BT + AT
=473 cm.

(iii) Arca of shaded region

= 2(area of AOBT) —area of sector OAB

=509 em?.

Arca of shaded region
= area of trapezium OBDA -area of sector OAB

=(34J3-247r)cm-".

AX =OAan &

6

= 4\/5 cm.

(i) InAOAX,

(ii) Shaded area
= area of kite OANXB — area of sector (’)TB

= (48\6 -24r1) cm®.
(i) A =areaof sector Q4B —arca of AOAX

= lr:() - —l-(r cos)(rsind)
2 2

= -l-rz(() —sinfcosd)

(i) Perimeter = AX + XB + AB
=(18+ 27 - ()\/3) cm.

()  Perimeter = PO+ QT + PT
=259 cm
(i) Arca of shaded region
= arca of AOPT —area of sector (;I—‘()

=153 em?.

() POQ=18rad. (i) PT =6.30 cm.

(iti) Shaded area

—

= area of kite OPT( —arca of sector OPQ

=900 cm2

1. (i) Perimeter of region R, = Length of major arc
= 2r+r0 =27 -0)r

12.

13.

—
n

(i)

(i)

(i)

)

(i)

(iii)

(ii)
(iii)

(ii)

= r2+0)=Qa-0yr = O=g-1

Arcaof R =30

= —l-rl()=30 = r’:_(‘p_.
2 -1

Arcaof R, = %rl(.’lx -0)

-

1 60 y
= —(——T](‘T-Fl):SS.O cm”,

2\ -

-

AB=\72, BAD=45°
Arc length BD =6.67 cm,
Shaded area

=area of sector ABD —areca of ALOB
=103 cm?.

DOE = 2sin"! (ij
10
=1.287 radians.
Perimeter =12 +12 + 2(arc length BOD)
=6l.1cm
Area
= 2(arca of AODE) + 2(area of sector B0OD)

N
=281 cm”.

RS = MQ P
- 10-‘ _(,: 3 cimn
=8 cm. Ocm
. M Q
RPO=0927 rad.  2em
R A

Arca of shaded region
= area of trapezium RPOS —arca of sector RPT
—arca of sector T'OS

~5.90 cm?.

:l[)b‘ =1.683 radians.

Shaded arca
= 2(arca of AOAC) +area of sector oAb

=143 em’.
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16.

19.

20. (i)

21. (i)

M Area of shaded regron

= 2(area of sector BCDF - ares of ABCD)
=670 cm’

PQ = 2(5 - Scos0 6)

=175 cm

(ii)

- (©)  Area = arca of AOAR - area of sector OPT

=i (tan 6 - )
G Perimeter = AP+ AB+ BT « PST

—

=]124+]2J3+44x
F 4 'y
M tan~-- —
3 6
= A.X=ﬂ!an~;-=(h[3-.

Shaded area
= area of AOAX - area of sector OAB

-
- 1.&\43—‘();‘7

(i)

(i) Peruncter of the shaded region
=AX +BX + AB

E()v”.‘ +64 27

() Penmeter =7+ 70« recost+rsinf
=1l + 64 cosf +sinf)
() Area of plate
= arca of AOBC + area of sector OAB

= 552 unit’
Perpendicular distance from D 10 AX

= (>sm—'}I = 3\,[5

Perpendicular distance from £ 10 BXY
= 10sin 0
33 '

10

= 10sinf :3-,/3 = @ =sn

(i) Penimeter = DF + /’)71’ + /"T(

= 1620 ¢m.

Area of Parallelogram = 2 « area of A4 BD
=71.7 cm?.

(i) Area of figure = areq of 2 sectors

= 8(0) cmz.

(i) perimeter of figure = Al + BC + D+ AD

=36 ¢m

22.

25. (i) AC = r—rcost
. — 47 -
(i) AR =5 AD=z, BD=2{3-;
. Tx -
Perimeter = —+2J3-2
S
26. (i) |Ip AOCR, sin06 = ~Ci
ocC
" =506 = =728
20-x
(i)  Req. Area = area of sector - area of circle
=76.3 cm?.
(i) OP=0OR=1055cm, PSR =1402 m
perimeter = I"STR +OP + OR
=351 em.
27.  Area of shaded region
=area of AABC - areq of sector ADC
2 )\ )
2(2\/§~:—“~ ' cm”.
{ 3 )
28. (i) Area of semicircle = 2 « area of sector 048
87 =2x32a
n
a=—
3

Radhus IQ =3
Area of shaded regzon
= area of AABC - area of sector 4Pp

\aa )

ra | B

() Bycosinerule. 48 =139 o)

Penimeter = arc length 48+ 43
=46 0 cm

(1)

(1) Area of plate
= arca of major sector 408 + area of Ad0g
=146 cm®.

-

- @) cosa0B=_ = 4pp.=% radiaeg

2r 3

(i) Perimeter = 48« BX - Ax

=r(l~%ﬂf3-)unixs.

(iii) Shaded area = %#:3\.‘3 -7).

(i) Perimeter = OCq + 1B+ OB
“(Sx +8)cm.
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29.

30.

31

33.

34,

(M InAA4BO,
- 0 a
tanAOB:lT = AO0B=tan'(2)
BOC =7 -2tan""(2) = 09273

(i) Perimeter = arc length BXC + BC
=204 cm.

Area of shaded region

= area of sector BOC - area of ABOC

=7.96 cm?.

(i)

()  Area of shaded region = area of circle C

l 9 o> l I
= 5O POQ--(3) POQ = (3)}
= POQ-= ;
v 4
(i) Perimeter = PS + SR + RO+ al’
=12+37

() Perimeter of the plate

= AB+BC+CD+ AED

=r(2+a+2x).
(i))  Arca of plate

= Area of sector OBC + area of sector AED

1,
=;r'(30 +27).

“

(iiif) Area of sector OBC = area of sector AED

| L I N
E-(Zr) (1—:(1) (27 -a)

-

a=

w|tot

. ()  Radius of sector in fig.2 =10 cm

Arc lengthin fig.2 =127
= 0=1.2nr radians.
(ii)  Area of paper needed = area of sector

=601 cm®,

(i)  Areaof ABDC = k(area of OCD)
96
T
(i) Perimeter of ABDC = 2(perimeter of OCD)
6+60+la+Sa=2(5+54+3a)

4
a=-—.
3
(i) Shaded area

=area of AABC —area of sector ADE
=8lana - 2u¢.

36.

37.

38.

39.

40.

(ii) Perimeter = EB+ BC + CD + DE

4
= ———+dtana + 2a.
cosa

-0 p=2

(ii) Perimeter of segment AXB = AB + AXB
=34 1lcm

(1) Perimeter of shaded region
= arc length AOB +0A4+0B = 36.5 cm.

(ii)  Arca of shaded region : Area of AAOB
505:1

() AC=DB=4-dcosa

Perimeter of shaded region

=DB+BA+ AC + CD

=8-8cosa +4a +4dacosa.
(i) Arca of shaded region

= arca of sector OAB —arca of sector OCD
T

3

(i) In AMOB, tan B:IO:% = BAO =0.3948.

(i))  Shaded area

=area of sector BOQ +area of sector APO
—arca of AOBA

=13.1cm?.

. 3 -
() AB=CB=—"— or 3J3
tan g
Perimeter of the shaded region
= ADC + AB+ BC = 2r+643.
(i) Area of shaded region
= area of kite —area of sector O4DC

=93-3x

() Arc length = ro
= 24-2r=r0

24-2r

= =

»

. 1,
Area of sector = -7—;"

=12r-r?,
(i) A=—r"r12r
by completing the square method,
1=36-(r-6)°
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45. (i) Arca of the metal plate
= {arca of sector QA B) + arca of sector OCD

(i) Greatest value of 4 =36

subst. r =6 mnto &,

8 = 2 radians :2;'—1—-':47—(3)\15&—‘:(2"1:0
41. AB=2rsind - ,3\(; + ).
Arca of segment 4B = ér: (26 -sin 26) (i) erimeter of the plate
Area of shaded region ~ -0A+AB+BC+ CD + DE + EF +OF
= area of serm-circle AYB - area of segment AXB = 4;; ::(’; -0)+2r0
1 =r{4+27)

ri(zsin® @ -260 +sin26).

- 46. (i) CD||A0O = OCD=0
42. (i) Arcaof AOAC = arcaof ACB = CD=rcosf, DB=r-rsmé
= Arcaof AOAC = arca of sector OAB Perimeter = CD + DB + BC
—area of AOAC T
P =rc056+r—rsin0+r(7—-8)
= 2 arca of AOAC = arca of sector O4B &
1 2 )1 (i) Area of the shaded region
= A Er SESNRE 2 i = area of sector COB —arca of ACOD

l 2 e l _ - 2
=37 (5=0)-5(ODXCD) = 631 em

]
= sinacosa =—a. =

(ii) Perimeter of OAC : Penmeter of ACB 47. (i) InAOPT,
OA+OC+ AC : AC+CB+ AB PT =rtana, QT =0T -0Q = r _,
el & d cosa

-~ Perimeter = PO + PT + OT
(iii) 408 = 54.3°. erime 0 0

43. (i) Radius of larger circle = BC =ra+rtana+ s
=Vl +rl =r2. (i) Areca of shaded region
(i) Area of segment = area of AOPT - area of sector OPQ
= area of sector BCD - area of ABCD - %(OP)(PT} _%,.lu = 34 am?
=—xr -r ) , '
2 48. AABC isaright angled triangle
R ACB=%, ABC=09273, BIC =0.6435

= area of semicircle CED - area of segment 2

Area of the shaded region

2 = area of AABC —area of sectors (AEF + BEG

. + CFG)
=6-(2.896+1.855+0.785) = 0464 ¢m’

s b,
xr° —(—nxr:-r°
6~ )

44. (1) InAOAB, cos0.6 = —6— )
OB 9. () rer+vra+2ra=44r

" OB = 6 ~7.270 em. ) = «a = 0.8 radians.
cos0.6 (1) Area of shaded region
(ii) Perimeter = OA + AB+ BC + Ooc = area of sector OAB - area of sector (’)ZZ)
=244 cm. = 30=16r"-04r! = r=5cm

(ili) Area = area of sector OBC + area of AOARB
=38.0 cm?.
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0. (i) Using cosine rule on AOBD

BD =(10)> +(10)* = 2(10)(10) cos(1 2)
= 11.2928 cm

radius of semicircle =

(i) Perimeter of the metal plate
= length of arc @chgxh of arc BCD
=10(27-1.2) +5.646(7) = 68.6 cm
(iii) Area of metal plate
= area of sector BAD +area of AOBD
+area of semi-circle BCD
=234.159+46.602 +50.073 = 351 cm>

E
sl1. () InAOEB, cosO.9=OT = 0OE=373
radius of arc CED =3.73 cm.

(i) Shaded area = area of major sector OAB
+area of sector OCD
=80.7+12.52 = 93.2 cm?.
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TOPIC 5

Trigonometry

—
=, Solve the equation sin2x+3cos2x=0, for 0°< y < 180°, [J06/P12/Q2]
3
c
6cm
150°
.
A 4cm B X

r fizgram, ABC 1s a triangle in which 4B =4 cm, BC =6 cm and angle ABC = 150°. The line CX'1s
perpendicular to the line ABX.

(i) Find the exact length of BX and show that angle CAB =tan™ = :
4+33

(i) Show that the exact length of AC is /(52 + 24 J3) em. [J06/P12/06]

23
9. Given that x=sin" | — |, find the exact value of
T

- 9
(i) cos"x,

(i) tan’ x. [NO6/P12.Q2)

]__._m_n_.i = 1—2<;in:_\‘, [JL‘)‘I"[)I-) Q-",’y

10. Prove the identity .
|+tan” x

19 | —

11. The function f is defined by f(x)=a+bcos2x, for0<x<x. Itis given that £(0)=-1 and l'L ,{) =T

(i) Find the values of ¢ and b.
(ii) Find the x-coordinates of the points where the curve y = f(x) ntersects the x-axis.

(iii) Sketch the graph of y = f(x). [JO7/P12/Q8]

12. (i) Show that the equation 3sinxtanx=38 can be written as 3cos” x +8cosx-3=0.
(i) Hence solve the equation 3sinx tan =8 for "< x<360° [NO7/P12,Q5)
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13. In the triangle 4BC, 4B = 12 cm, angle BAC = 60° and angle ACB = 45°. Find the exact length of
BC (JOS/P12/Q4]
14. () Show that the equation 2tan’Bcos@ =13 can be written in the form 2cos’@ +3cos@-2=0.
(i)) Hence solve the equation 2tan?fcos@ =13, for 0° <0 < 360". [JO8/P12/Q2]
- 2 ] / p |
15. Prove the identity e + co;x =— [NOS/P12/Q2]
cosx  l+sinx cosx
16. The function f is such that f(x)=a-bcosx for 0°<x<360° where a and b are positive constants. The
maximum value of f{x) is 10 and the minimum value is -2.
(i) Find the values of a and b.
(ii) Solve the equation fix) = 0.
(iii) Sketch the graph of y = f(x). [NO8/P12/Q5]
17. Prove the identity ——= MY _un’x. [J09/P12/Q1]
l-sinx l+sinx
18.
y
A
9
3
(0]
-3
The diagram shows the graph of y =asin(bx)+c for 0< x<2x.
(i) Find the values of a, b and c.
(i) Find the smallest value of x in the interval 0<x<2x for which y = 0. [JO9/P12/0+
19. Solve the equation 3tan(2x+15°) =4 for 0° < x < 180°. [NOY/P11/Q

20. The equation of a curve is y =3 cos 2x. The equation of a line is x + 2y = On the same diagram,

sketch the curve and the line for 0< yv < 1. [NOY/PLA
21. (i) Prove the identity (sin x +cos x)(I - sin xcos x) = sin’ x + cos” o

(i) Solve the equation (sin x + cos x)(1=sin xcosx) =9sin’ x for 0°< ¢ <360°, [NO9/P12




Al Mathematics (Pj)

Topic 5 Trigonometry ('@_’]

IERET————

. The acute : radi : . ;
22. The acute angle x radians is such that tanx = k, where & is a positive constant. Express, in terms of &,
() tan(r -x),

(i) um(-zL T-Xx),

(i) sin x. [J10/P11/Q1]

23. (i) Show that the equation
3(2sinx-cos.x) = 2(sinx - 3cos x)

can be written in the form tanx = —f;—.

(i)) Solve the equation 3(2sinx - cosx) = 2(sin x - 3cos x), for 0° < x < 360°. [J10/P12/Q1]

25. (i) Show that the equation 2sinxtanx+3 =0 can be expressed as 2cos?x -3 cosx—2=0.

(ii) Solve the equation 2sinxtanx +3 =0 for 0° < x < 360°. [J10/P13/04]
26. (i) Prove the identity Ll =]+ ! .
| -cosx cosx
(ii) Hence solve the equation 51‘“_'“E‘i+2 =0, for 0° < x < 360°. [N10/P11/04]
-Ccosx
27. Prove the identity tan® x—sin® x = tan® csin® x. [N10/P12/Q2]
28. Solve the equation 15sin’ x =13 +cosx for 0°< x < 150°, [N10/P13/Q3]

29. (i) Sketch the curve y =2sinx forO0<x<2x
(i) By adding a suitable straight line to your sketch, determine the number of real roots of the

equation
2zsinx=71-x

State the equation of the straight line. [N10/P13/04]

30. (i) Show that the equation 2tan’ @ sin® # =1 can be written in the form
2sin G +sin* H-1=0.

(i) Hence solve the equation 2tan’ 6 sin’ G =1 for 0° <6< 360° [J11/P11/Q5]

_cosl ot
tan((1 —sind) sind

31. (i) Prove the identity

. 050 t far (V2 < A < 360°
(ii) Hence solve the equation m =4, for 0° <4 <360°. [J11/P12/Q5]
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(1 1) 1-cosd
ove ¢ it lererpesrd Iy
.‘3. (‘) P ve h! e “‘-\ i sin 9 tan 8/ IACOSP
B Flonce soive the oquation | ————1) «2 for oo < 0.5 360" {[I11pp
(M Henoe solve the oq Lsnf tan@/ 5 -

34. () Skewh, on a single diagram, the graphs of y=cos28 and y = f for 05605 2x.
(i) Wrie down the number of roots of the equation 2¢cos20-1=0 in the interval 0< 9< ax.

(1)) Deduce the number of roots of the equation 2c0s20-1=0 in the interval 107 <0< 20x.
INUPLgy

A5, () Sketch, on the same diagram, the graphs of y=sinx and y =cos2x for 0°<x <|80°,
() Venfy that x=30° is a root of the equation sinx=cos2x, and state the other root of this
equation for which 0° < x <180°.
(1) Hence state the set of values of x, for 0°< x<180°, for which sinx <cos2x. [‘V”/P”"QJ)

g

36. (D Given that, 3sin®y -Scosx~7=0. Show that, for real values of x, cosxy = —

(1) Hence solve the equation
3.\'1'11:(() +70°) -8cos(0+70°) -7 =0

for 0°< @<180°, [N1I/P13Rgy)
37. Solve the equation sin2x = 2cos 2x, for 0° < x <180°. [J12/PLIAI)
38. () Prove the identity tany + —— = e
: tanx  sinxcosx
b
Solve lon ——=—— =1+ 3tanx, for 0°< v < 180°. 2/P12/Q5)
(i) Solve the equation Sncons I+3tanx, for 0°< x <180 (J12/P12/Q5]

39. (1) Prove the wdentity tan® @ - sin’ @ = 1an? Osin’ 0.

() Use this result to explain why ané >sin@ for 0° < < 9ge. [J12/P131Q1}

40. (i) Solve the equation sin 2.y +3cos2x =0 for 0°< y < 360°

(i) How many solutions has the cquation s 2y +3¢os 2y =0 for (°< < 1080°, /JI.’/PIJ/Q#

41. (i) Solve the equation 2cos® @ = 3sin o, tor 07 <8 < 360°.

() The smallest positive solution of the equation Zcosz(n()) =3sin(n), where n is a positive
integer, 15 10° State the value of n and hence find the largest solution of this cquation in the
mterval 0° < ¢ < 360° /‘\71:,[’1[,03
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42. () Show tha: the equation 2cosx =

4s.

47.

49.

50.

3tan x can be written as a quadratic equation in sin x.

(ii) Solve the equation 2c0s2y =3tan2y, for 0°< y < 180° [N12/P12/Q5]
Solve the equation 7cosx+§ - 2sin’ x, for 0°< x < 360° [N12/P137Q3]
() Show that — sin @ . cos 1

= .
sinf+cosf sinf-cosf sin? G- cos!

sin@ . cos
sinf+cosf sin@-cosh

(i) Hence solve the equation =3, for 0° < A < 360°. [J13/P11/Q5)

It 1s given that a =sin@ - 3cos @ and b =3sin6 +cos@, where 0°<@ < 360°
(i) Show that @ + 7 has a constant value for all values of 4.

(i) Find the values of € for which 2a = b, [J13/P12/Q5]

(i) Express the equation 2cos’ 6 =tan’ @ as a quadratic equation in cos’ 0,

(i) Solve the equation 2cos’ @ = tan’ @ for 0 < § < 7, giving solutions in terms of 7. [JI3/P13/03)

(1) Sketch, on the same diagram, the curves y=sin2x and y=cos x-1 for 0< x<2r.

(i) Hence state the number of solutions, in the interval 0< x <27, of the equations
(@ 2sin2x+1=0,

() sin2x-cosx+1=0. [J13/P13/Q5)

(i) Solve the equation 4sin’ x+8cosx-7 =0 for 0°<x <360°.

(ii) Hence find the solution of the equation 4sm3(§9)+8cos(-§o) ~7=0 for 0° <6< 360°.
[NI3/P11/Q4]

Given that cos x = p, where x is an acute angle in degrees, find, in terms of P,
(i) sin x,
(ii) tan x,

(iii) tan (90° - x). [NI3/P12/Q1)

(a) Find the possible values of x for which sin”'(x’ ~1) = ‘}/T. giving your answers correct to
3 decimal places.
(b) Solve the equation sin(2H+%/r) =% for 0<@<n, giving @ in terms of 7 in YOUr answers.
[NI3/P13/Q7)
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s1. ‘
)
1
/ y=a+hbsiny
2
1
/ : — X
I
The diagram shows part of the graph of 1 =a+bsinx. State the values of the constants a ang §,
. sin@ 1 |
. the 1dentty - = ‘
52. @ Prove the identity l-cos@ sinf tand
, in ¢ ! o
(ii) Hence solve the equation ljl:osﬂ oy =4tanf for 0°<0 <180°. [JM/PII/Q’]
53. The reflex angle @ is such that cos® =k, where 0 < k < 1.
(i) Find an expression, in terms of &, for
(a) sind,
(b) twano.
(i) Explain why sin 26 1s negative for 0<k <1. [J14/P12QY
. . | cosd
54. (i) Prove th —_— =
(i) Prove the identity c0s8 T+snd tand.
(i) Solve the equation —— - —S930_ 5 0o g 3600
cosf 1+sinf ' (1P
55. (i) inclmrwcmny-f—JELL:L—~-smnx+cmr
SIN X 1an x + cos x B
. e ; tan x + | , '
(i) Hence solve the equation m =3simx-2cos v for 0< v <2y [Jl4/P13m
56. Find the value of x satisfying the cquation sin—'(x—l)= tan '(3). [NI4/P”’Q
, 13sino i
57. Solve the equation teost =2 for 0°< < |80°

2hcost

[N14/PIE .
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58.

61.

62.

63.

64.

() Show that the equation | +sinxtanx=Scosx can be expressed as
6COS:.r—cosl—l = 0.

(ii) Hence solve the equation |+sinxtanx=Scosx for 0< x<180° [N14/P12/Q5]

() Show that sin*6@-cos*6=2sin?0-1.

(i) Hence solve the equation sin‘@-cos*@ =1L for 0°<8<360° [N14/P137Q5]

Given that @ is an obtuse angle measured in radians and that sinf =k, find, in terms of k, an
expression for

(i) cosé,

(i) tané,

(iii) sin(6 + 7). [J15/P11/Q1]

sinf —cosf _ tanf -1

(i) Prove the identity — = .
sinf+cosf tanf+1

(i) Hence solve the equation 50080 1300 "o 4o < g <1800, [J15/P12/Q5]
sin@ +cos @

A tourist attraction in a city centre is a big vertical wheel on which passengers can ride. The wheel
turns in such a way that the height, & m, of a passenger above the ground is given by the formula

h =60(1-coskt). In this formula, k is a constant, ¢ is the time in minutes that has elapsed since the
passenger started the ride at ground level and 47 is measured in radians.
() Find the greatest height of the passenger above the ground.

One complete revolution of the wheel takes 30 minutes.
(i) Show that & = x 7.
(iii) Find the time for which the passenger 1s above a height of 90 m. [J15/P12/Q6]

(i) Express the equation 3sinfl = cosd in the form ran@ =k and solve the equation for
0° < @< 180°.
(i) Solve the equation 3 sin 2x = cos? 2x for 0°<x<180° [JI5/P13/Q4]

U+15 =0 can be expressed as

. 4co
(i) Show that the equation €
tan

4sin? @-15sin6-4=0.

050 1520 for 0°<0 <360 [NIS/PI1/Q4]

(ii) Hence solve the equation wi
tan
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65. (i) Prove the identity | Zm " on o)
s
(! I ] 2% for 0<xs2r
~11at ‘ ——— — -
(ii) Hence solve the equanon e 5
i = expressed as
+3sin@ tan@+4 =0 can be exp

66. (a) Show that the equation osf
3cos2 A-4acosf-4=0.

l +3sindtanf+4=0 for 0°< 0 <360°

¢ the equation
and hence solve q o

®) R

A

y=acosx—b

=~

[’V,S/'Plzl,Q'/

The diagram shows part of the graph of y = acosx—b, where a and b are constants. The graph
crosses the x-axis at the point C(cos™' ¢, 0)and the y-axis at the point D(0, d). Find ¢ and d in

terms of @ and b.

67. Solve the equation 3sin” @ =4cosf-1 for 0°< @ <360°.

68. In the diagram, triangle 4BC is right-angled at C and M
1s the mid-point of BC.
It is given that angle ABC = L7 radians and
angle BAM = 0 radians. Denoting the lengths of BM
and MC by x,
(i) find AM 1n terms of x,

. - |
(i) show that §=Lp—tan™'| — |
6 (2455

[N15/P13/Q7)

[J16/P11/Q2]

[J16/P12/Q5]
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71.

73.

Topic 5 Trigonometry 9

M

()

(i)

m

Prove the identity l+eos0_l—coso. 4 ‘
l-cos@ 1+<cosf smBrand

Hence solve, for 0° < @< 360°. the equation

sin @ ~
1-cos@ 1+cosf

(14+cos@ I—cos0]
[J16/P12RQ7]
Show that 3sinxtanx-cosx+1=0 can be written as a quadratic equation in cos x and hence

solve the equation 3sinxtanx-cosx+1=0 for 0< x< 1.

Find the solutions to the equation 3sin2xtan2x-cos2x+1=0for0s x< 7. [J16/P13/Q8]

Show that cos* x =1-2sin” x +sin® X.

. . . 2
(if) Hence, or otherwise, solve the equation 8sin® x+cos® x = 2cos® x for 0°< x <360°.

0]

(i)

[N16/P11/Q6]

Express the equation sin2x + 3cos2x = 3(sin2x - cos 2x) in the form tan2x =k, where k is a
constant.

Hence solve the equation for -90° < x <90°. [N16/P12/Q2]

. . . 2 -
Showing all necessary working, solve the equation 6sin x—Scos® x = 2sin® x+cos’ x for
0° < x £ 360°. [N16/P13/Q3]
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~2
.

sin2x+3cos2x =0
= tanlx= -3

- 2x=10%4 2884
= x=542° 1442°

() BX =6c0s30° = 33

CAX = tan 'C—“:-
AX

/[ (6sin 30°))
L4433

|

/

/
1

3
'\4+3s/3

JICX) +(4x)?

= tan

) 4C

"

V3 +(4+33)

]

D

vI2+24V3 cm

-
() sinx=-—
S
X S 2]
= cos"xy=]-sin" x = —
28
. 9 sin“x 4
(i) tan x = — = —
cos“ x 21

4

f
|-
l

\

sin” x

: \ /
sin x ‘ {
—— |+
cos”x ) | cos'x)

R s
COs” x —sin” x
x

c053 X sm“ .x’rcm"x
= l-sinx-sin‘x = 1-2sin’ x
() f(0)=-1 = a+b=-1
f(l—;rJ.-'I = a-b=17

\ 2

solving simultaneously gives,
a=3, b=-4

(i) y=3-4cosx
put y =10,

= 2x=07255% - =036 278

3
3-4cos2x=0 = cost::

i) vy

y=3-4¢coslx

PN
[SIEE 2
e ]
A
L
Pt

o/
-1

12. () 3sinxtanx=8
. sinx
= 3sinxx—— =§

COS ¢

> 3sin” x = 8¢osa
A ,
> 3C0sT x+8cosx-3=0
() 3cos” x+8cosx-3=0

(cosx +3)3cosx—1)=0

= cosx = -3 (ignored) or cosx = —l
3

= x=705, 2895§
12
13. Bysinerule, BC = L - ~—~}sm 60°
sin45Y

=676

4. () 2wan’Heosd =3
2sin’ @
= —xcosf =3
cos™ 6

= 2sin’ 0 =3cos#
= 2(1-cos’ 0) = 3cos O

bl
= 2cos8"+3cos# -2 =0
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(W) 2cos’<3coss-2=0
= (cosf+2¥2cosh-1)=0

= cosﬂ=% or cos@ = -2(mot possibie)
= 6 =60°, 00

1S. LHS g —50%  cosT

COs x
(1+smx) +{cosx)”

|+sinx

cos x(1 + s x)
l+2sinx~sin’ x+cos x
- cos x(]1 +sinx)
2l+sinx) 2

-oosxfhsmx) cos x

We know that, -l<cosx<lI

multiply by -5 and adding a.
a-b<a-bcosxsa+b

. min value =a-b, max value=a-+b

> a-b=-2 and a+b=10

by simultaneous equations,

b=6

(i) f(x)=4-6cosx

16. (i)

a=4,

= 4-6¢cosx=0 = cosx=

W |t

x=482° or 3118°

sin x

17. LHS. =20

l-sinx l+sinx
~sinx(l +sin x)-sin x(] -sin x)

(I'=sinx)(1 +sin x)
2sin’ « sin’ x )
S = = 2tan” x

’ 24
| -sin“ x Cos™ x

19.

20.

21.

22.

—
a-f‘ ﬁ:: L=3 Ans.
i) 6sn2r+3=0
~ 5. _1x
—=smlr=— “*=76

=
smallest value of r == Ans.

4
2(&!503‘111;

— 2x+15°=53.13° 233.1%

Ans.

- x=19.1°109.1°

(i) L.H.S. =(sinx+cosx)(l-sinxcosx)

=(SIN X +COS X)(5In" X +COS” X —sin xcosx)

sin’ x+sin xcos® v -sin® xcos x
+¢os xsin?® x+cos’ x - sin xcos’ x
=sin’ x +cos’ x
(11) sin’ x +cos’ x = 9sin’ x
= tan’ x - L =

C

x =266 206.6°

lanx =

ro | —

() tan(r-x)=-tanx = —k

(i) mn}%,,__‘.J: | 2%

\ &

(iil) s =

k
NEYS |
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3(2sin x - 008 x) = 2(sinx - 3cos x)
= 681N X -3Cos X = 28N x - 60os

@

= dsinr=-Jcosy = tany= -

() x=1431° 3231°

25, () 2sinxtany+3 =0
s [ sinx)
= -sm.rL ,¢3=o
COS X |
= 2sin x+3cosx =0
= 2(I-cos® x)+3cosx = 0
= 2cos’ x-3cosx-2= 0
() 2cos"x-3cosx-2=0
= (2cosx+1)cosx-2)=0
1 .
= Cosy=-— or cosx=2 (impossible)
= x=120° 240°
. sin.xtan x
2. ) LHS=——
l-cosx
. sinx
=sinx +(I=cosx)
COS X
.2
_sintx 1
cosx l-cosx
_ (I-cosx)(I+cosx) L+ 1
cos x(l —cosx) cosx
@) 1+ +2=0 = cos.r=—;

cos.x
x=109.5° 250.5°

27. LHS.= tan” x —sin” x

SinZX .2
= —Sin- x

COs™ x

. ( | )
=sin” x| ——- l}
cos™ x y

sin” x 2 L2
=sin2x[ -~ J: tan” xsin” x

COs™ x

28. 15sin’ x=13+cosx
= 15c0s> x+cosx- 2 =0
= (5cosx+2)(3cosx—1)=0

9

| 2
COsSx=— or COS.\’z—"s‘

x=70.5° 113.6°

29, (i)

30.

31.

(i)

O]

(i)

(i)

(ii)

wr
2 b - - -
y =28y
!
o X
2
-1
N R I

Number of real roots =3

. X
Equation: yp=1-—
T
2tan’ @ sin’ O =1
2sin®0
, xsin® @ =1
cos” 0

= 2sin* @ =cos’ 0

= 2sin* @ +sin’0-1=0
2sin* @ +sin*0-1=0

= (2sin*0-1)sin? 0+1)=0

= sinf = t% or in® @ =—1 (impossible)

= 0 =45° 135° 225° 3I5°

tan &(1 —sin &)
cos 0

S0 (1 -sin6)

cos’ 0
siné(1 —sin @)
l-sin® ¢
sin@(l —sin )
[ +sind |
= =1+

sind sin@

LHS=

|
siné
O =19.5° 160.5°

|
|+ =4 = sinf=-—
3
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33. (i) LH S.-{WL -— ] o
smé  tand

,_( n cos () )
sinf?  sinf )

- (1 -cosf)’

sin’ @
(1 -cos®)’ _1-cosé
) l-cos’@ 1+cosf

(i)

(i) !-cos@
l+cosé

2
5

3
= Tcosf =3 = cosl):-:/r

Topic 5 -Answersg ( 4

1gin’ x - Bcos x 7 =0

s 31 -cu.\;2 v)-Bcosx~7 =0
— Jcos’ x+RBcosx+4 =0

5 (Jecosx+ 2)(cosx+2)=0

2

3

cos x

1sin2 (0 + 70°) ~Bcos(0 4 70%) - 7 = )
I

3

5 ¢ +70°=131.8° 228.2°

— y=61.8° 1582°

— cos(x +707%) =

37. sin2x = 2cos 2x = tan2x =2

= 6=646° 2954° 2x =634, 2434 = x=317° 121.7°

34. (i)

N A

38. (i)

o 24” »
'y =c0s20 (ii)
_] ______
(i) 2cos260-1=0 = cos20 =_2L
Number of real roots = 4
(iii) Number of roots = 20
35. (i)
y
? 39. (i)
| 4 y=sinx
y=cos 2x
! 1
! |
| 1
! |
: t L —» x
0 4 90 35 180
(i)
it
iAo 1
(i) sin30°= > and cos2(30°) = 2
From graph, x =150° is the other root,
(iii) From graph, for sinx < cos 2y, 40. (i)

0°<x<30°% and 150°< x <180°.

(i)

|

tan x
sin x . cos x

L.H.S =tan x +

cosx sinx

, 2
sin® x +cos’ x B |
sin xcos x sin x cos x
- =1+3tan x,
sin x cos x
= 2| tan x + =1+3tanx
tan x

= tan’ x+tanx—2 =0

= (tanx+2)(tanx—-1)=0

= tanx=-2 or tanx=1
x=45° 116.6°

LHS. =tan’ 0 -sin* 0
)
0 5
= sz -sin” 0
cos“ ¢

:sin20[ l,, —IJ
cos” 0

=sin’ ()[ﬂ—q] = tan” Osin’ 0

S
cos” ¢

Since, tan’ @ —sin® 0 = tan? Hsin> O
= tan’0-sin’ 0 >0

= tan’ 6 >sin’ 0

= tan@>sinf for 0° <@ <90°.

sin2x+3cos2x=0 = tan2x=-3
= 2x=108.4° 28843 4684, 648.4
= x=542° 1442° 2342 3242

Number of solutions = 12
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2c08° 8 = 3sin 6

= 2sn'@+3sinb-2-0
= (2smB-I)smé =2
= #=30" or 150°

(@ Smalies: positive value of 6 = |0°

9. @

= w=w = lgﬂ.—_}

10
For largest solution of 8,
E=T20°+150° = =§1=me

Joosr=3tanx
sin x

= 2cosx=3(

)

COs ¢

‘x=3sinx

= 2¢os

= 2(l-sin’ x)=3sinx

= 2sn’ x+3sinx-2=0

() 2cosly=3tan2y
= 2sin’2y+3sin2y-2=0
= (2sin2y-I)Xsin2y+2)=0
= y=15° 75°

4. Tcosx-S=2sin’x
= 2cos’x+Tcosx+3=0
= (2cosx+INcosx+3)=0
= x=120° 240°

M () LHS = sin 6 cosé

sinf +cos# siné-cosé
siné(sinf —cosb) +cos(sinf ~cos )

(sin@~+cos@)siné—cost)
|

————‘_‘—‘—“—_1—
sin“ @ -cos” 6

(1)

= COos .

= §=54.7,1253° 2347°,

45. (i) a +b ’
=(sinf#-3cosf)’ +(3sind +cost)”
=sm:0—6sin0cos€)v9cosz0+9sin‘9’

+6sinfcosf +cos” O

=10(sin” § +cos” #) = 10

(W 2a=5
= 2sinf -3cosf) =3sn@ +cosf
= -sinf=Tcosf = tanf=-7
6=981° 2781°

4. () 2cos’f=-tn’@
2

=3 2\:0530:““20

cos‘ @

= 2cos'@+c0s’@-1=0
(i) From (i), 2cos'@+cos’@-1=0
= (2cos?@-1)cos’B+1)=0
s | |
> cos f=— = cosf=t¢
< 2 T{

=% 3
TR

47, )

Y2

! y=sin2x

(i) (a) 2sin2x+1=0

- 1
= sin2x=—— = y=-——
9 N )

- -

From graph, number of solutions = 4
(b) sin2x-cosx+1=0
=> sinx =cosx—|

From graph, number of solutions = 3

48. () 4sin”x+8cosx-7=0
= 4cos’ x-8cosx+3=0

= (2cosx—~1)2cosx-3)=0

1 .
:>cosx=5 or cosx=— (ignore)

2
= x=60° or 300°

(i) From (i), x=060°
= %():60" = 0=120°

-
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— C
A

9. @ smr=yl-p°

h_ 2 v —
(i) tny-Y"F / { v
I A |
(i) @n(90° - y)=cotx 4 ’ s
:#
vi-p°

sin 6 1
l—oosd_m

- sin 6 -1+ cos@

- sin&(1 - cosh)

_(l—cosza)-hcosﬂ

B sin 8(1 - cos )
cos(l - cos8) _ |

siné(1-cosf) tanh

$2. () LHS-=

(i) #=4un0 = twanf=+
tan 6

1o | —

= 6=266° 1534°
Since, 0 < k < 1, therefore acute angle a
lies in the 4th quadrant.

81
X
\

(@) sinf =-sina

S
(b) tan¥ = -tana
Vi-?
k
(i) 6 hies in the 4th quadrant, | ¢ 270% < 6 < 360°
= 540° <26 < 720°

which 1s 3rd and 4th quadrant
sin 26 1s negative in both these quadrants

k
Ja
I J1-¥

. LHS-=

() tanf+2=0 =

850 ()

56.

57.

58.

1 cosé

cos# l+sing
1+sin@-cos’ @
- cos @ (1l +sin @)

sin@+sin’ 0
- cos(l +sin @)
_sinf(l+sn 8

=tan @
cosf(l+snB)

tand = -
8=1166° 2066°

tan x + |

sin xtan x + cos x
SINXY+COsSx
- LOSvy

COS x +COs v

LHS =

SIN X + COS X

S 3 =Sin_t+c05_‘
SIN” X+COS8™ x

(1) sinx+cosx=3sinx-2cosx

3
tanx ==

2

= 2sinx=3cosx =

x=0083 4124

sin”' (x=1) =tan""(3)
= sin '(x=1)=716

= (x-1)=0949 = =195

13sin- @

2+cosd
) y

= 13sin” @ +2cosH +cos’ 0 =4+2cost

+c0sf =2

= 13sin” @ + (1 -sin? ) =4

) 1 .
= sm'0=: = smf=+

o | —

0=30° 150° Ans.

() l+sinxtan x = 5cos x

2
sin” x

= 1+ -=5c¢osx

COS X

Y _ bl

=2 COSX +SIN° X =S¢cos” x
bl

= 6C0s" x ~cosxy—1=0

(i) 6cos® x—cosx—1=0
= (2cosx-1)3cosx+1) =0

— COSx = or COS«\':—S

9 | —

C=60° 109.5°
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59. ()

60.

61.

62.

sin' 6 - cost "

- (nm? 0 - cos? O}isinz 0 +cos’ )

r:nmj(%(l -sm"(h = 2sin’ @ -
n |
(i) 2sin 0| ‘-2~
3
= sin’ @ - : = sinf = t -~ J
0 =60°, 120°, 240°, 300°

The associated acute angle a lies |

in the
2nd quadrant.
> — |
(1) coso cosa N o
e a \
N
() tané = -rang 1=k I
k
= —?aza-
Vi-k
(i) sin(f+z)= &
M LHS = sm() cosO
sin 0 + LUSO
Divide numerator & denominator by cos@
ng s¢
- gosO Egs() _tanf |
s | cos6 tanf + |
cos cosd
(ii) tan@ - | _lang
tang + | 6
= 6(tan0-|) =tanf(tang@ + 1)
= tan’@- Stan@ + 6 = ()
= (tan@ - 3)(lan0—2) =
= tanf =3 tan0:2
0=634° 7] 60
(i) Hclghl I8 greatest when cos kr s least e -
- greatest height, 4 - 60(1 (- 1) =120 m
(i) When ¢ - 30 minutes, angle kr = 2 radians,
= kG30)=27 — 4. l’:
(iii) 90 = 60(1 - cos st)
9
= cos Xy l--~) =% cosl"SI: !
6() 2
15 3

3
= =10 min, o =20 min.

time for which passenger is above
=20-10 = ¢ minutes

90 m

63. (i)
(i)
64. (i)
(i)
65. (i)
(ii)
66. (a)
(b)

fopic§5-Answers 7 |
Isinf = cos @
= lm()a% = O=|84°
Ysin? 2x = cos’ 2x
| |
"=~ = an2c=t
= tan‘ 2x 3 = x 7;—
= 2x=30° 150°, 210°, 330°
x=15% 75° 105° 165°
2
A8 i1sa0 » doosl0 oo
smg sinf
cos

= 4c0520+153in0=0
= 4sin’ 0 -15sing-4 -0
4sin® 0 ~15sing -4 =
= (4sing t(sin@-4) =0

::wm()-—% or sinf = 4 (ignore)

345.5°

2
Lhs=(_L__L ]
SInXx  tan x

2
_[ I cosx
sin x sinxJ
(l—cos,\:)2
=Y
sin® x
(l-cos_\r)2
:'\2
I -cos?® x
(1-cos x)?
(I—LOSX)(1+L05X)
| - cosx 2

tcosx §

= 0 =194.5°,

1 -cos x
— 54
1+ cos x

> .).izC()SX:S—SCOSX = C()SIT—3
7

X = II} rudiuns, 5‘5 radiuns.

|

+3sing tand +4 =
cos @)

| 3sin’ g
= 2
cos @) cos )

= 1+ 3sip? 0+4dcos - 0
= 3cos’ ) — ~4c080 -4 = 0

Hencee, (3coso + 2)(cos()~2) =0

= LO\():-E or ('050

= 0 =13 g°

+4=0

=2 (unpossxblt.)

» Or 22820

Subst. points ¢ and D ipgg Y=acosy -4
b

= c¢= -

o

d=q-p
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67. s’ =4dcosh -l
= 3cos @+ 4cosf-4=0
= (3m8—2lcosé?o2)=0

-

- cosf = ¢—;- of ms0=-2('81'°'"

= #=482° or 31§

68. ()

(i)

69. (D

(i)

70. (1)

" AC =7ﬁ
InA4BC. an_—=—_— = AC=ix

i 2 o

In AAMC, using pythagoras, AM = i3
In AAMC.
y af
o x 3 wm;(
i = w35
In A4BC,

1 ' |

i

- - ==
ﬂogx an | —~= ‘ 3

l+cosf 1-cosé

I-cose—hcosé’

_(Iocos()):—(l—-cosg)2

"~ (1-cos@X1+cos8)

_l¢2w50+ms:0—l+2c056—cos:9

B sin’ 6

dcosf 4 _ 4
sm(?(gﬂs%)  sinftané

sin- 6

4 ;
sinf| ——— | =
ksmﬂun(?/
4
> —=3 > um0=3-

¢=531° 2331°

Isinxtanx-cosx+1=0

Isin‘ x
-cosx+1=0

cos x
= 31-cos’ :)—coszxvcossz
4cos’ xr-cosx-3=0
= (4cosx+3)cosx—-1)=0

U

= COSI:—; or cosx=]

x=2419, or 0 radians.

(i) Replacing angle x by 2x, we have,

J
:>cost=—: or cos2x =]

= 2x=2419, 3864, 0, 2r
c=121, 193 0, x radians.

4
- HS.=cos [
1@ L L
=(1-sin" x)
=l—25|nzt*sin'r

4 o2
(ii) Ssin'x+cos  v=2cosTx
,
e L4
— Rsin’ v+ (1-2sin" x+sin” x)
=2”'sjn:n

4 | e
— sin X=7 = sinx=*%+t-—
9 V3

v=353° 1447°, 2153° 3u»

sin2x+3cos2x = 3(sin 2x -cos 2x)

divide throughout by cos 2x,

sin2x Jcos2x _ 3( sin2x  cosx)

cos2x coslx cos2x coslx)
tan 2x +3 =3(tan 2x 1)

72. (D)

tan 2x =3

(i) tan2x =3
= 2v=-108.4° 71.6°
= v=-542° 358°

.2 2 ein? 2
73. 6sin- x—5cos” x =2sIn" x+cos” x

— 4sin’ x=6c0s" x

= tanzx=% = tanx= t\/%
x=50.8°, 129.2°, 230.8°, 3092°
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Topic 7 Binomial Expansion 1 _

TOPIC 7 -

Binomial Expansion

The first three terms in the expansion of (2 +ax)". in ascending powers of x, are 32 -40x + by’ . Find

4
the values of the constants n. g and b
[J06/P12/Q4]
- ( 6
5. Find the coefficient of x° in the expansion of f x+3\; . [Nos/P12/Q1]
Lox)
6. (i) Find the first three terms in the expansion of (2 + u)® in ascending powers of u.

(ii) Use the substitution © = x = x? in your answer to part (i) to find the coefficient of x2 in the
[NO7/P12/Q3]

expansion of (2+x+ ")
7. () Find the first 3 terms  the expansion, in ascending powers of x, of (2 +x?)°.

(i) Hence find the coefficient of x* in the expansion of (1 +x%)* (2 + x?)°. [J08/P12/Q3]

~

| X

5 A C[x 2
8. Find the value of the coefticient of x~ in the expansion of | -7?+—J .
\ X

[NO8/P12/Q1]

9. (i) Find the first 3 terms n the expansion of (2 = 3x)° in ascending powers of x.
(i) Hence find the value of the constant a for which there is no term in x° in the expansion of
(1 +ax)2 ~ 3x)° [J09/P12/:03)]

10. () Find the first 3 terms in the expansion of (2 - x)® in ascending powers of x.
(i) Given that the coefticient of x? in the expansion of (1 + 2x + ax?)(2 - x)° is 48, find the value of
the constant a. (NO9'PI1/Q3]

Find, in terms of the non-zero constant k, the first 4 terms in the expansion of (k + x)* in

1. ()
ascending powers of x.
(i) Given that the coefficients of > and ¢ in this expansion are equal, find the value of k.
[N09/P12/Q2)
PN (Y | ‘
- () Find the first 3 terms in the expansion of 2.t’——J in descending powers of x.
X

2x-— [J10/P11/02)

5
(i) Hence find the coefficient of x in the expansion of (l+—,)( 3) :
X X

\

9.
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13. (i) Find the first 3 terms in the expansion of (1+ax)’ m ascending powers of
(i) Given that there is no term in x in the expansion of (1-2x}1+ax)", find the vaiue of the

constangt a.
[-”0 PI):Q&,

. b)
(iii) For this value of a. find the coefficient of ©* in the expansion of (I-2x)1+ax)

0\

14. (i) Find the first three terms. in descending powers of x, 1n the expansion of \X ——“
\“

(i) Find the coefficient of x* in the expansion of (1+° )1\ -

In the expansion of (1 + ax)®, wherc a is a constant, the coefficient of x is -30. Find the coefficien
[N10 ’PH/Q)]

15,
of ¥
16. (i) Find the first 3 terms in the expansion, in ascending powers of x, of (1 -2x%)*,
(i) Find the coefficient of x* in the expansion of Q2-xH1- 2x5)Y. [Nm/PIZ:Q”
, 9
17. Find the term independent of x in the expansion of x——J [N10/P13RQ))
\ X/
2 7
18. Find the coefficient of x in the expansion of (r+ _j [J11/PLINQI
X
6
19. (i) Find the terms in x* and x° in the expansion of (1—5.1-)
(ii)) Given that there 1s no term in x° in the expansion of (& +2x)(l —%.t)", find the value of the
constant k. ) [J11/P12QY]
20. The coefficient of x° in the expansion of (a + x)° ~ (1 - 2x)°, where a is positive, 1s 90. Find the vahe
of a [J11/P13Q]]
1\
21. Find the term independent of x in the expansion of [2x+ —‘) . [N11/P11QN
X

22. (i) Find the first 3 terms in the expansion of (2 - v) in ascending powers of y.
in the expansion of (2-(2x- )"

(ii) Use the result in part (i) to find the coefficient of 2
[NH/PI."Q;‘;

23. The coefficient of x? in the expansion of (k +-%.r)) 15 30. Find the value of the constant k. il
’ 11 ”V‘
[NIIP
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. Font e cooficumt of ©* » B oxpancece of | 2" . L (IO
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S & - S 5 F ‘
M T coefoeet of &' » B AAPaRéE M (@ ¢ D 0w W Faad e vahae of e powhive
Qoosant g 2291208

‘ mmn“nhem\. o} :‘.-‘\: o a® w*‘m Aowen of \, are 1 \OA‘\':
Foad e values of @ comsmoss 2 amd > J2PIQY

7. @ Foxd 2 first X wees e apansoe o (ox P @ avendag powers oM
@ Hemce find e coeffioems of = e oxpammoe of (2 0 N\ V)P INI2PLIAM]

-
\

. > &
X = & ogpansxoe of - the coeficrent of v n -2 Piad e value of the constant @
\ X

IN12PI2QU)

'

Fmd e coeficent of © = B¢ oypanaoe of \:« . IN12PI3RQI]

30 ) I=the expressaom (1 - 200 2 3 2 noazero comstant Find the St three terms when (1 - po)® s
apanded @ ascending powers of X
(D bk s grven that the coetficrent of C @ the axpaasion of (1 - ux! - a0t i rero. Find the value
of p

(J13 P11Q2)

31. Find the coefficient of r 0 the expansion of
1 'Q
® [2-5-.
\ 2x

i 1 @
@ (1-x)2x-3| [2I3P12Q2]
s 4
32. (i) Find the first three terms in the expansion of (I = ax) @ ascending powers of
(i) Given that the coetficient of x in the expansion of (1 = Zikl - & 18 240, find the possible
values of a [JI3PI3Q4]

33. (i) Find the first three terms when (2 = 31)% i3 expandad i ascending powens of 1

(ii) In the expansion of (! = axXl - 3¢)°, the coetlicient of = 15 zero. Find the value of a
[NI3P11QI]

34. (i) Find the coefficient of r* in the expansion of (v - 3¢V
(i) Find the coefficient of * in the expansion of (x = 3=\

(ili) Hence find the coefficient of ¢ n the expansion ot [1 = (v = 3 S INIZPI3QS)
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24.

25.

26.

3L

32

33

3.

L) [112/P11AQY]

7]
x

Find the coefficient of x® in the expansion of (Zx’ _

The coefficient of X} in the expansion of (a + x)° + (2 - x)® 1s 90. Find the value of the positive
[J12/P12/Q3]

constln( a

The first three terms in the expansion of (1 - 2x)3(1 + ax)®, in ascending powers of x, are | —x* b,
[J12/P13/Q3]

Find the values of the constants a and 5.

@ Find the first 3 terms in the expansion of (2x — x%)® in ascending powers of x.
(ii) Hence find the coefficient of x* in the expansion of (2 + x)(2x - )8 [N“/P”/Q‘/

-

the coefficient of x° is —280. Find the value of the constant a.

In the expansion of (f _f.]
[N12/P12/Q1]

X

2-1a). [N12/P13/Q1]

Find the cocfficient of x* in the expansion of ( 5

(i) In the expression (1 - px)®, p is a non-zero constant. Find the first three terms when (1 — px)® is

expanded in ascending powers of x.

It is given that the coefficient of ¥2 in the expansion of (1 —x)(1 - px)®

of p.
[J13/P11/Q2]

is zero. Find the value

(ii)

Find the coefficient of x* in the expansion of

o e
(i) (2«‘—’5‘;) ,
- 2 1 ¢

(i) (1+x )(21——2—;) . [J13 P12/Q2]

(i) Find the first three terms in the expansion of (2~ ax)’ in ascending powers of x.

2x)(2 + ax)’ is 240, find the possible

(ii) Given that the coefficient of x* in the expansion of (1 *
[J13/P13/Q4]

values of a.

(i) Find the first three terms when (2 31)0 is expanded in ascending powers of x.

(ii) In the expansion of (1 +ax)(2 * 3x)°, the coefficient of x* is zero. Find the value of a.

[NI3/PLIQI)
() Find the coefficient of x* in the expansion of (x + 3x%)*
(ii) Find the coefficient of ¢* in the expansion of (x + 3x%)°.
(iii) Hence find the coefficient of ¥ in the expansion of [1 + (x + 3x%)]°. [NI3/PI3/08)
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35. Find the term independent of x in the expansion of ih" s> Hrepiig

&
. . » 4 /Pl
36. Find the coefficient of x* in the expansion of (1+ l‘)(%"‘f) [147p13 Q)

i ; [ 2\5 14 !
A 37. Find the coefficient of x in the expansion of i x-=1. [Jidpiy Qi)
\ X

38. In the expansion of (2 + ax)’, the coefficient of x is equal to the coefticient of x*. Find the value of

the non-zero constant a.

39. (i) Find the first 3 terms, in ascending powers of x, in the expansion of (1+-‘)S~

s
The coefficient of x* in the expansion of (H(PX*'XZ)) is 95.

(i) Use the answer to part (i) to find the value of the positive constant p. [NM/PIJ/Q}}

40. In the expansion of (2 + ax)%, the coefficient of x? is equal to the coefficient of x. Find the value of

the non-zero constant a. [NI4/P13Q1)
41. (i) Find the first three terms, in ascending powers of x, in the expansion of
@ (-x°,
M) (1+2x)°
(ii) Hence find the coefficient of x* in the expansion of [(1=x)(1+2x)]°. [J15/P11/Q5)
42. (i) Find the coefficients of x* and x° in the expansion of (2 - x)°.
(ii) Find the coefficient of x° in the expansion of (3x + 1)(2 — x)°. [J15/P12/Q3]

43. (i) Wnte down the first 4 terms, in ascending powers of v, of the expansion of (a — x)°.

(ii) The coefficient of x* in the expansion of (I - ax)(a - v)* is ~200. Find the possible values of the

constant a. [J15/P13/Q3]

. ZI 5 .
44. In the expansion of | | -—(a+ x)’, where a i1s a non-zero constant, show that the coefficient of
a

2

x° s zero. [N15/P11Q!]

. . N 7 . . -
45. In the expansion of (x+2k)", where k is a non-zero constant, the coetficients of * and x° are equal

Find the value of k. /NIS 12202
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iy

llw’m, Topx 7 ngzn
. Fﬂ*mdlmd‘wd ‘_‘_‘_9_';- [.VIS*'P’A'Q“,
:] .:;
/ ¢
4. Find the term mdependent of 1 in the expansion of | r -:“\a {216 Pl Oh’
\ 2‘}'
s Fuﬂﬂ!mm"'"&r’mdemohmﬂnemmof

£

1.

L)

2)*
® ix——' .
X
(. 3Y 2)° ,
(i) \-‘“;‘;(“;J , [J16°P12°Q4]
, ( *
Find the coefficient of x in the expansion of 5 L ;3,‘1] ‘ [J16/P13Q1]
L X
8
Find the term independent of x in the expansion of (2x+L‘) A (N16/P11°Q2]
2x

In the expansion of (3-21‘)(1 +%) . the coefficient of x is 7. Find the value of the constant n and

hence find the coefficient of 2. [N16/P12/Q4]

The coefficient of x° in the expansion of (1-3x)° *(l+a.r)5 1s 100. Find the value of the constant a.

[NIS/PI3 Q2]
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T0picm 7 - Binomial Expansion I

N
. o mn-1) ..
2 en(2)V 7 (ax)+ 3 (2)" “(ax)*
= 32 40x+ b’

companng the co-efficients, we have,
”:5, d"%. b=20

6, 6-r 2 ' ¢ a5
7.,="0C, (x) —] =C, () ()"

I/

for x°. r=2. . coefficient of X =60

10.

M (2+u)“ =32+ 80u + K0’

5

(1) Given substitution 1s. i« = v+ x°
(201’+I:) =32+80(x + \"1)4-8()(I+_\-: '3
=32 +80x+160x" +160x" +80x*

- coefficient of x* =160

@ 32+80x" +80x*
() (1+x)Q2+x7)
:(l«.’.x:ﬂ-x‘}(Sl +80x° +80x* +- )

collecting the terms containing X gives,

coefficient of x* =272
6-r , \
X (2)
I. ="°C r— (=
) [ )
\2) \x
forx’, r=2
14 \‘/"‘\: S
X 2 15
> N=15 || =] =—x
2) \x) 4
o, 3
coefficient of x° = 14v

() 32+240x +720x
(i) (1 +ax)(32+240x + 720x7)

. . 2 2
Terms containing x~ are, 720x" + 240ax

- 720+240a=0 = a=-3

(i) 64-192x+240x"

(i) (1+2x+ax®)(64—192x+ 240" + )
= .+240x° - 384%° Fodaxt + .

= 2“) - 384 + ()44_[ =48 o u= ;

12.

13.

4.

(i) ,(l+—2:)(32x‘ _240¢" + 720‘)
i

I, = 9(',(\)‘) '( -

(i) k' o8k 28k L 56k

(i) 284° =56k’

- WS (k-2)=0 = k=1

(i) 32x° -240x" +720x

’

\

= —480x+720x + -
— coefficient of x = 240

(i) I+5a.r+l0(::.r:

(i) (1-2x)(1+Sax+10a° <" +)

=.+5ax—2x+-

a=-—-

5a-2=0 =
= Sa 5

(iii) (l—2x)(l+5ax+10a2x2 +)

= 41077 —10ax” +--

2y 2
coefficient of ¥ = 10(—'5'—) - 10[-5—} =-24

(i) x°—12x* +60x°

(i) (1+x3)(x® —12x" +60x%)

= —12x* v 60x"

coefficient of x* =48

2.2 33
l+6ax+15a"x +20a x +..

ba=-30 = a= -5
coefficient ot x* = 20a’ = -2500
(i) 1-16x° +112¢"

(i) (2-x )i-1ox" #1124

4
= 42240 v 16xt

coefficient of x* = 240

(

!
o)

for term independent of x, r =3

> T, =-84
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v 25 (o+1) *(2-0
18 7 ="c(x)7 2] (o Satre 108’ 10070 )
Lot ’: ={ & ‘
fmwn'nm x, put r=2

= T, =24x) =845, coefficientof 1 =84

+(64-192x+ 240" 160y
1.3
terms N ¢ onlyare 10a°x’ -160x

.r’ 1 A\ 9 138 40 . - 'Od}_|m:m -~ a=5
9. @ 1-3,) o 2, 135 2 540 5,
{ 2 ) 2 : .
crms 138 $40 - 26. (1-2x) (1+arx o
T !ﬂr‘m,‘m — x* and --—;-.l —_4‘_‘4‘:““(\1“_‘5“_“)
4

=(l

— | +(6a-4)x +(15a° - 24a +4)x’ ¢

9 135 . 135 .
® @ +2e)1-JxeExt - om0 by comparing With 1 - x+5x", we have,
o 135 5 135 4 L L
Terms in x° are, —Tr *—z—x' a—‘z-- T
135 135 i i
" **%=° = k=1 17 () (2v-x)" =64x" - 1921 + 240"

(i) (2+x0(64x" —192x" + 240" +

— . +480x" —192x% &

20. (a+x) +(1-2x)°
=(056Sd‘x+ma!x:4]0a:r‘¢~«) _ .

(1-12x + 60x° 160x° ) - cocfficientof x' = 288 g

+ —l&eX + - + i

= 01002:3+---)b('--—1601'3+-") f a ! 14 " > 3
3 28, | i = =x"=Tax +2la"x" =354
= 10a" -160=90 = a=S$ 8 (r ,‘-] ' “ ‘ a.x ,
= -35a’=-280 = a=2 ;
2. T, =°C,(2x) Ll[ } ’ i
! 29. (2-1x) =27 -224x+168x" - 704 ;
for term independent of x, r =2 < i
= T, =1515) =240 - coefficient of x' = -70 g

22, () (2-y) =2 -5(2)*y+10(2)°»  +- 30. () (1-px)° = 1-6px+15p*s’

e R I A

=32-80y+80," +-- (i) (I—x)(1=6px+15p?)
(i) Substitute, y = 2x - x” 1n (i), =+ 153p7XT +6pxT + ,
2))8 o 2
(2’(21-1-))' = ISP‘ p.()l):() = p=-= :
5

=32-80(2x - x*)+80(2x - x*)°
= +80x’ +3200° + .-

coefficient of x° = 400

NP

[}
3L () LZ.\'——I—] =64x" - 961 +60x° -20+)

2x

Pp——

s < 10 co-efficient of v* = 60
- 5. -7 4 YV 2.3 N N
23. ("%I) k '3"‘ * 9 xk (i) (1+x7 ) (64" =961t + 60¢° =20+-)
- —k3=30 = k=3 =+ 0600 - 20x ¢
cofticient of v =40
4. T 30 (2+a0)’ =32+80a 1 +80a’x’

« 7 r

fortermin x°, r=3 () (1420032 ¢ 80a x +80a” x> +--4)

= T, =35(-16x°) = - 560x° 802+ 160a x4
coefficient of x* = -560 = 804 160 = 240

v

>a v2u-3-0 = q=-3 orl
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Topic 7-Answers 3.

D

(2+3x)° =644 5761+ 21601

B ®
(i) (1+ax)(64 + 576x + 2160x" )
+2160x> +576ax’ +
— 2160+576a=0 = a=-137S§
W O “*3,:)‘=x“1215‘541“‘}03\-¢8le
coefficient of 1* =81
@ (r+3) =2 +152° +90x7 4 270"

coefficient of =270

iy [1-(x+36)]
=1+ +5C.(x+3x2 e 5(‘5(;‘3\':)‘
Z1e +5(81x%) + 270"
coefficient of x* = 405+ 270 = 675

3 7= "Cl4x )E(ﬁl

for term independent of x,

1
.=7816 — (=7
> T ( )(64)

4
5 X 6 X N
1+ (2 =6(—)+15x =20(8) + 1
(I+x [(2) (8 (8) |

r=06

.*
r4|»
alb

= +15xF 160X+
coefficient of x* =145
- A\ .
3. [£-=] =x?-10x" + 40" 80
‘ x)
coefficient of x = —80

8. 2+ax) =128 +448ax+672a ¢ +

coefficient of x = coefficient of I
7 ]

- 448a=6724d" = a ;

39. () (1+x)° =1+5x+10x

.y b] )
(i) (|v(p1+lz)) =1+ S5(prs ) e 10(per )

2 .9 y
terms in x” only are: 3x” +10p"

:>5+|0p3:‘)5 = p=3

0. (2+ax)® =64 +192ax+240a° v +160a"

o 2 - .
coefficient of x* = coefficient of ¥’

5 2804 =160 = u =

19| w

42.

43.

H.

46.

M @ (-1 =1-6rs15r
® (1+2

i [(1-xx1+20] =
= (1-6x+15x° Xl»hrtwr )
= .+60x" - T2¢ NEToR
— coefficient of x* =60-72 +15=3

)-I‘I.x%ﬁr

u—n‘ud

M 2-9'= 64 -192x + 240x° - 160%" +
Coefficients of o and ¢’ are 240 and - 160

(i) Ge+)(2-0°
—(3ul)(64«192t+’40t —lbOt )
the terms in x° onlyam 720%" ~160x’

coefficient of x° ' =560

@i (a-x’ —a' —5a*x+10a’ Y —10a° %"+
(i) (1-av(d’ st +10a’xF -10a° K + )
— o —10a% =10a" ) +
= ~10a’ -10a* = =200

= (a*-4)a@’+5) = a=t%2

2x s
| —— [(a+.
[ » }(H X)

/

=(1———J(a +5ax+10a K+
a
= +10a°x* —10a’ 5+

= 104’ -10a* =0

Term in \4 = (4(._1:)7'4(7:) - 280k° ¢
Term in © = 'Co(2k) *(x) =84k7%

Coefficient of x* = Coefficient of .

3 2 3
— 280k’ =84k° = k=—
10
vy \;-
\ s” ‘-‘l
ll‘|l ‘h d \'.‘\\/9 ¥
l |+ 71 ] ‘—]'lll | | — +
3 ) 3 : ) \v‘_: )
5
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47,

48.

49.

51.

52.

s 3Y
La=°C(x)* -— |
{ " !
L 2
for term independentof x, r=3
27 ) 135
= T‘ =20 -—_ (= ——
\ 8 ) 2
\

ﬂ'e -
@ (‘“:’ =x°—12x* +60x? =160+
X

term independent of x = —160

(i) il:+—3:‘;(.x'\—12,r‘+6012—l60+~-~)
\ Gy
= -320+180+....

term independent of x = —[40

I.=° ’/if_'(3.r2 )

-
\ X/

for term in x, put r=2
= I, =109x) =90x - coefficient of x =90

T..=%C (2« 8"(LJ
l (2) 2x°

For term independent of x, put r =2

= I = 28(64)(%) =448

(3—21’)(] +§) = (3—2,\')(] +n('2—‘)+ "Cz(%)+...)
The terms in x only are, 3n(§)—2x

= %n~2=7 = n=6

now, the terms in x” are, 37 (%) - 20

coefficient of x? = 21

(l—31)°+(l+ax)5

(I-18x+135x% —540x° +..
+(l+5wc+lOaz.r2+lOa‘.\~3+...)

=(--'—54Ox3+-~)+(---+10a3x3+...)

= =540+10a’ =100 = 4-4
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Arithmetic And Geometric Progressions

—

Each ycar a company gives a grant 1o a chanity The amount given cach year increases by 5% of its

£
value i the preceding vear The grant in 2001 was $5000 Find
(0 the gramt given in 201 |
i) the wotal amount of money giv
® Y given 1o the chanity duning the years 2001 1o 2011 inclusive.
[J06/P12/Q3]
6. @ Find the sum of all the integers between 100 and 400 that are divisible by 7.
M The first ‘hf“ lerms in a geometric progression are 144, x and 64 respectively, where x s
positive. Find
(i) the value of x,
(i) the sum to infinity of the progression. [NO6/P12/Q6]
7. The second term of a geometric progression is 3 and the sum to infinity 1s 12
(@ Find the first term of the progression.
An anthmetic progression has the same first and second terms as the geometric progression.
(i) Find the sum of the first 20 terms of the anthmetic progression. (J07/P12/Q7]
& The Ist term of an anthmeuc progression i1s ‘@ and the common difference is d, where d #0.
(i) Wnte down expressions, in terms of a and d, for the Sth term and the 15th term.
The 1st term, the 5th term and the | 3th werm of the arithmetic progression are the first three terms of a
geometnc progression.
(i) Show that 3a = 84
(iti) Find the common ratio of the geometric progression [NO7/P12/Q)4]
9. The first term of a geometric progression 1s 81 and the fourth term 15 24 Find
(i) the common ratio of the progression
(1) the sum to infinity of the progression
The second and third terms of this geometric progression are the first and fourth terms respectively ot
an anthmetic progression
(iii) Find the sum of the first ten terms of the anthmenc progression [J0O8/P12/Q7)]
10. The first term of an arithmetic progression is 6 and the fifth term is 12, The progression has n terms

and the sum of all the terms is 90. Find the value of n.
[NOS/PL2/Q)3)
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I et
1. @ Find the sum to infimity of the geometne progression with first three terms 05, 0.5 and o s
®) The first two terms in an anthmetic progression are $ and 9 The last term in the Progression
the only term which 1s greater than 200 Find the sum of all the terms in the progression
12. The first term of an anthmetic progression 1s § and the common difference 1s d. where d20 The fin
term, the fifth term and the eighth term of this anthmetic progression are the first term, the second gy,
and the third term. respectively. of a geometnc progression whose common ratio 1s r
(M Wrte down two equations connecting @ and r Hence show that » = 2 and find the value of 4
(3) Find the sum to infinity of the geometric progression.
(i) Find the sum of the first 8 terms of the arithmetic progression. [NOWP”Q*'
!
13. A progression has a second term of 96 and a fourth term of 54. Find the first term of the Progressiog
in each of the following cases:
() the progression is arithmetic,
(1) the progression 1s geometric with a positive common ratio. [Noo;pu,wl
14. The minth term of an arithmetic progression is 22 and the sum of the lirst 4 terms is 49,
(1) Find the first term of the progression and the common difference.
The nth term of the progression is 46.
(i) Find the value of n. [JM/P“/QJ/
IS. (a) Find the sum of all the multiples of § between 100 and 300 inclusive.
I
(b) A geometnc progression has a common ratio of —§ and the sum of the first 3 terms is 3§ Find
(i) the first term of the progression,
(1) the sum to infinity, (J10/P12A)
16. The first term of a geometric progression is 12 and the second term 1s 6. Find
(i) the tenth term of the progression,
(ii) the sum to infinity. [J10/P13Q1]
17. (a) The fifth term of an anithmetic progression 1s 18 and the sum of the first S terms is 75, Find the
first term and the common difference.
(b) The first term of a geometric progression is 16 and the fourth term i ;} Find the sum to
infinity of the progression. [N10/P11/Qf]
18. (a) The first and second terms of an arithmetic progression are 161 and 154 respectively. The sum of

the first m terms is zero. Find the value of m.
(b) A geometnic progression, in which all the terms are posttive, has common ratio r. The sum of !hc"
14)3)

[NI0/P12GY

first n terms 1s less than 90% of the sum to infinity. Show that »7 - () |
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6.

21.

22.

24.

S Topec 8 drsthmetic And Geometric Progressions | 3 |

) Ammemhuﬁmm!“)mdmmmﬁn«ym Find the second term
i ,ummmmmmmmmmhmm
n Frmmﬁmeummmecmmd:ﬁumt

L) F‘ﬂdﬁ*“ﬂwf‘f'vfg‘\cn:hmdscmafrhcﬁmnrmmxsequ:lmthemﬂtheﬁm
(m + 1) terms

(W) Find the value of » given that the sum of the first n terms is zero (NIOP13Q9]

A television quiz show takes place every day On day | the prize money is $1000. If this is not won
the prize money s increased for day 2 The Prize money 1s increased in a similar way every day until it
# won. The television company considered the following two different models for increasing the prize
money

Model |1 Increase the prize money by $1000 each day

Model 2' Increase the prize money by 10% each day
On each day that the prize money is not won the television company makes a donation to charity. The
amount donated 15 5%,

i of the value of the prize on that day. After 40 days the prize money has still
not been won. Calculate the total amount donated to charity

@ if Model 1 s used,
(i) 1f Model 2 is used. [J11/P11/Q8)

(@) A arcle is divided 1nt0 6 sectors in such a way that the angles of the sectors are in arithmetic
progression. The angle of the largest sector is 4 times the angle of the

) smallest sector. Given
that the radius of the circle 1s § cm, find the perimeter of the smallest s

ector.
The first, second and third terms of a geometric progression are 2k +3, k + 6 and k, respec-
uvely. Given that all the terms of the geometric progression are p

ositive, calculate
() the value of the constant k,

(i) the sum to infinity of the progression. [J11/P12/Q10]

(@) A geometric progression has a third term of 20 and a sum to infinity which is three times the
first term. Find the first term

An anthmetic progression 1s such that the cighth term is three times the third term. Show that
the sum of the first eight terms is four times the sum of the first four terms.

[J11/P13/Q6)

(@) The sixth term of an anthmetic progression is 23 and the sum of the first ten terms 1s 200. Find
the seventh term.

(M) A geometric progression has first term | and common ratio r. A second geomerne progression has

first term 4 and common ratio }‘ r. The two progressions have the same sum 1o infinity, S. Find

the values of r and § (NII/PL1/Q6)

(@) An anthmetic progression contains 25 terms and the first term is

I5. The sum of all the terms in
the progression 1s 525, Calculate
(i) the common ditference of the progression,
(ii) the last term in the progression,

(iii) the sum of all the positive terms in the progression.
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® A college agrees a sponsorship deal in which grants will be received each year for Sports ¢
ment This grant will be $4000 in 2012 and will increase by $% each year. Caiculate

(D the value of the grant in 2022,
(ii) the total amount the college will receive in the years 2012 w0 2022 inclusive. IAVII'P”QM‘

2S. The first and second terms of a progression are 4 and 8§ respectively. Find the sum of the firg
10 terms given that the progression 1s
(i) an anthmenc progression.
(i) a geometnc progression

INUPL3g,,

26. (a) The first two terms of an arithmetic progression are | and cos® x respectively. Show that the gyp
of the first ten terms can be expressed in the form a - b sin? x, where a and b are constanes o

be found

M) The first two terms of a geometnic progression are | and -JLmnz 0 respectively, where 0 < 9. L,
(i) Find the set of values of A for which the progression is convergent.
(i) Find the exact value of the sum to infinity when 8= i [12/P1,

27. (@ In an arithmetic progression, the sum of the first n terms, denoted by S,, is given by
S, =n’+8n
Find the first term and the common difference.

®) In a geometric progression, the second term is 9 less than the first term. The sum of the second

and third terms 1s 30. Given that all the terms of the progression are positive, find the first term.
(J12/P12/Q7)

28. The first term of an arithmetic progression 1s 12 and the sum of the first 9 terms is 135,
(i) Find the common difference of the progression.
The first term, the ninth term and the nth term of this arithmetic progression are the first term, the
second term and the third term respectively of a geometric progression.
(ii) Find the common ratio of the geometric progression and the value of n. [J12/P13/Q6]

29. The first term of an arithmetic progression is 61 and the second term is 57. The sum of the first
n terms is n. Find the value of the positive integer n. [N12/P11QI]

30. (a) In a geometric progression, all the terms are positive, the second term is 24 and the fourth term
- l N
15 132 . Find
(i) the first term,
(ii) the sum to infinity of the progression.

(b) A circle is divided into n sectors in such a way that the angles of the sectors are in arithmetic
progression. The smallest two angles are 3° and 5°. Find the value of n. [N12/P12/Q8]
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31. The first term of a geometric progression is 54 and the fourth term is 24 Find
(i) the common ratio,

(i) the sum to infinity. [N12/P13/Q5]

32. The third term of a geometric progression is 108 and the sixth term is 32 Find

(i) the common ratio,
(i1) the first term.

(iii) the sum t infinity. [J13/P11/Q4]

33. (@ The first and last terms of an arith

metic progression are 12 and 48 respectively. The sum of the
first four terms is 57

Find the number of terms in the progression.

The th.ird term of a geometric progression is four times the first term. The sum of the first six
terms is k times the first term. Find the possible values of . [J13/P12/Q10]

M)

34. @ In an arithmetic progression, the sum, S,. of the first n terms is given by S, = 2n% + 8n. Find the

first term and the common difference of the progression.

The first 2 terms of a geometric progression are 64 and 48 respectively. The first 3 terms of the

ggonmcujc progression are also the Ist term, the 9th term and the nth term respectively of an
arithmetic progression. Find the value of . (J13/P13/Q9]

35. (a) In an anthmetic progression the sum of the first ten terms is 400 and the sum of the next ten

terms is 1000. Find the common difference and the first term.

(®) A geometric progression has first term @, common ratio » and sum to infinity 6. A second geomet-
ric progression has first term 24, common ratio 2 and sum to infinity 7.

Find the values of @ and r. [N13/P11/Q9]

36. (a) An athlete runs the first mile of a marathon in 5 minutes. His speed reduces in such a way that
cach mile takes 12 seconds longer than the preceding mile.

(i) Given that the nth mile takes 9 minutes, find the value of .

(ii) Assuming that the length of the marathon is 26 miles, find the total time. in hours and
minutes, to complete the marathon.

(b) The second and third terms of a geometric progression are 48 and 32 respectively. Find the sum
to infinity of the progression. [N13/P12/Q7]

37. (a) In a geometric progression, the sum to infinity i1s equal to eight times the first term. Find the
comumon ratio.

(b) In an arithmetic progression, the fifth term is 197 and the sum of the first ten terms is 2040. Find
the common difference. [N13/P13/Q5)

38. An arithmetic progression has first term a and common difference ¢ It is given that the sum of the
first 200 terms is 4 times the sum of the first 100 terms.

(i) Find 4 in terms of a.
(i) Find the 100th term in terms of a. [J14/P11QS)
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3.

41

2.

43

44

48,

—_— 8

T
The “‘ ind and Yrd terms of a FEOMEC Progression are the |st, 9th and 2ist l!m m“"b of
an arithmetic progression The |ut term of each progression is & and the common o of the M
progression 2 r, where rol Find
M the value of r,

(W) the &b rerm of each progression {Jpr”_,w

The first term 1n & progression 18 16 and the second term 15 32
(h  Grven tha the progression is geometric, find the sum to infinity

(W) Grven instead that the progression s anthmetic, find the number of terms

in the progression if
the sum of all the terms 1s 0

/II‘/P’JQ:[,

h A geometric progression has first term a(a » 0), common ratio » and

sum to infinity § A second
geometnic progression has first term a, common ratio 2r

and sum to infinity 35 Find the value of ,
(0 An arithmetic progression has first term 7 Ihe nth term 1s 84

and the (3n)th term is 245 Find
the value of n

INI4P11gy

(®) The sum, S,. of the first n terms of an anithmetic progression 1 piven by S = 32p - p? Find the
first term and the common difference

My A geometnc progression in which all the terms are

posttive has sum 1o infinity 20, The sum of the
first two terms 18 12 8 Find the first term of the

progression. [NI4/P12/Qa}

Three geometric progressions, P, () and R, are such that their sums to infinity are the first three terms
respectively of an arithmetic pProgression.

Progression 7 1y 2,1, 5 l‘

) . |
Progression O 15 3, |, 1‘ 3
() Find the sum 10 infinity of progression R

(W) Given that the first term of Kas 4, find the sum of the first three terms of R

NP3

(®)  The third and fourth terms of a geometnic progression are % and .';‘ respectively. Find the sum to

infinity of the pProgression

M) A circle 15 divided into sectors i such a way that the
progression. Gaven that the angle of the |

find the angle of the largest secton

angles of the sectors are in anthmetic
argest sector s 4 tmes the angle of the smallest sector,

[J1S/PUAY)

() The first, second and last terms moan anthme

UC progression are 56, SY and 22
Find the sum of all the terms i the Progress

22 respectively.
on
) The first, second and third terms ol
where & 1w a positive constant
() Find the value of 4

dpeometne progression are 24 0, 2k and k + 2 respectively

() Find the sum 1o bty ot the progression.

(1§ PN
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46. (@) Tkﬁ!moftnmthmwmls~2222|ndmecmmaondiffemmtis|7 Find the

value of the first positive term.

®) mﬁmmofamncmmmls V3 and the second term 1s 2cos @, where 0 < < 1.
Find the set of values of @ for which the progression is convergent (J15/P13°Q9]

47. The first term of a progression is 4x and the second term 1s x°

51.

® For the case where the progression 1s arithmetic with a common difference of 12, find the possible
values of x and the corresponding values of the third term.

(i) For the case where the progression i1s geometnic with a sum to infimty of &, find the third term.
[NIS/PLIQS]

A ball ?5 such that when it is dropped from a height of | metre it bounces vertically from the ground
t a height of 0.96 metres It continues to bounce on the ground and each time the height the ball
reaches is reduced. Two different models, 4 and B, describe this.

Model 4:  The height reached 1s reduced by 0.04 metres each time the ball bounces.
Model B:  The height reached is reduced by 4% cach time the ball bounces.
() Find the total di;lancc travelled vertically (up and down) by the ball from the Ist time it hits the
ground until it hits the ground for the 21st time,
(a) using model 4,
() using model B
(i) Show that, under model B, even if there 1s no himit to the number of times the ball bounces, the

total vertical distance travelled after the first time it hits the ground cannot exceed 48 metres
[NIS/P13°Q6]

(@) The first term of a geometnic progression in which all the terms are positive is 50. The third term
1s 32. Find the sum to infimty of the progression.

®) The first three terms of an anthmetic progression are 2sinx, 3cosx and (sin v+ 2¢os v) respec-

uvely, where x 1s an acute angle

4
(i) Show that tanuy = i

(if) Find the sum of the first twenty terms of the progression [J16/P11/Q9)

A water tank holds 2000 lures when full A small hole in the base 1s gradually getting bigger so that
each day a greater amount of water is lost
(i) On the first day after filling, 10 lires of water are lost and this increases by 2 litres each day
(a) How many hitres will be lost on the 30th day after tilling”
(b) The tank becomes cmpty duning the nth day after filling. Find the value of a.

(i) As
increases by 10% on each su .
in the tank at the end of the 30th day after filling

sume instead that 10 lires of water are lost on the first day and that the amount of water lost
cceeding day. Find what percentage of the onginal 2000 litres 1s left
[J16/P12/Q9)]

The 1Ist, 3rd and 13th terms of an arithmetic progression are also the Ist, 2nd and 3rd terms respec-

, el > ' a geometric progression. The first term of each progression is 3. Find the common difference
x;/ehy 0 lhrielic rogression and the common ratio of the geomelric progression.

of the an p [J16/P13/(04)
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50
52. The sum of the Ist and 2nd terms of a geometric Progression IS
terms 1s 30. Find the sum to infinity.

and the sum of the 2nd and 3y

[NIGP“ s

ross Africa The total distance i1s 3050 km

53. @ A i ; harity event aC
) cyclist compietes a long-distance ¢ 3 on that day. On cach subsequent day he

54. (a)

He starts the event on May Ist and cycles 200 km
reduces the distance cycled by § km.
(i) How far will he travel on May 15th?

(i) On what date will he finish the event? |
A geometric progression is such that the third term is 8 times the sixth term, and the sum of the

first six terms is 314. Find
(i) the first term of the progression, -
(ii) the sum to infinity of the progression. [N16P12 08

Two convergent geometric progressions, P and Q. have the same sum 10 infinity. The first and
second terms of P are 6 and 6r respectively. The first and second terms of Q are 12 and -12-

respectively. Find the value of the common sum to infinity.
The first term of an arithmetic progression is cos@ and the second term is cos6+ sin 8. where

0< 8 <x The sum of the first 13 terms is 52. Find the possible values of &.
[N16/P13/Q9)

AL
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ANSWERS

Topic 8 -Answers F

|
LTOPiC 8 - Arithmetic And Geometric Progressions

5. (i) The grant given can be represented by a GP
5000, 5000(1.05). S000(1 05)" . 50001 05)’ +

~ Grantin 2011 = 5000(1 05)'° = 8144 47

= 8140
N $5000((1.05)'" -1
(i S, = =$7
. 1.05-1 371034
6. (@ 105+112+119+ ......... +392 4399
399=105+(n-1X7) = n=43
43
Sa =?(105 +399) =10836
M () 144, x, 64
Equating the common ratios, x =96
.. 144
(i) §,=—75 =432
3
3
7. () ar=3 = r=-
a
a
12=
-1
= a’-12a+36=0 = a=6
(i) Sy =?[2(6)r(20~n(——}‘|] = — 450
8. () T,=a+4d, T, =a+14d
(i) a, a+4d, a+!4d areinGP

Equating the common ratios,
a+d4d a+lad

a  a+dd
= 164’ —6ad =0 = 3a-=8d

3
(il) 3a=8d = d:gu

a r4(g(l) B

y = ——————

a a

_a+4d

|
r= 3

Given that, a =81, T,=24

| ro

TJ = ar4_l = 24=8lI 1'3 = =

i) S, =

(iii) InGP, T, =54,
Therefore in AP,
36=34+(4-1d =

T, =36
a:s", T‘=36
d=-6

Si0 = ?[:(smuo- 1) -6)] =270

10. Given, a=6, T, =12, §,=9%

12=6+(5-)d = d=

ro |

nl, 3
90 = 3(_(6)4,. -n;]

= 0 +Tn-120=0

= (n+15)(n-8)=0 = n=8

05
" 105
() Let T, =200,
= S+(n-1)4=200 = n=4975
Lastterm > 200, = n =50

1. (a)

_2
3

Sso =329[2(5)+(50—n4]=5|50

12. () InAP, T, =8, T,=a+4d, Ty=a+7d
In GP, I, =a+4d = 8r=8+4d (1)
Li=a+7d = 87 =8+7d (2)

Eliminating o, from (1) & (2), we have,

4P -Tr+3=0 =

r=-
3 1
XL_]‘S*“J(/ = d=-—-
8 2
- 8
(i) S, =— =32
|- 3
4
TP 8 28 8- 1) 1 e
(iii) =3 28)+ (8- -2l
13. () a+d=96 (1)
a+3d =54 - (ii)

solving (1) & (11) simultaneously, a =117
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Q
(ﬁ) ar =96 (ﬂ 19 ) WK = lm p— r:L
3 ' T -r 20
ar =54 < o--{m) 19
3 7. = —) =95
D!Mﬂ!‘(iﬂb)‘l;)pm _-i AH‘O(ZO. 3
Put rimto(i), = a=128 ™ @ T7,=9 = %W=g:2
14. ) 22 =g+ 84 T.=80, = 80=g+4y
49 = 45 + 64 solving sumultancously gives,
mﬂ'ﬂﬂ'ﬂwpm a=100, d=-5
a=10, d=15 ) s_=5_,
@ 46=10+(n-115) = n=25 = 2[2000)+(m-1-9)]
IS. @) 1004105+110+115. 300 =1:_‘[3“.X),‘(“_5)]
300=100+(n-1)S = n=4] -
41 = m=20
Sa -—2—(100‘300) = 8200 (iii) 5, =0, = %[3('00)*("—1)(-5)%0
bl = n=4]
0-(-4) |
b ® 35- £ > a=45 20. (i) Prize money: 1000, 2000, 3000..... 40000
( :“ Donation: 50+100+150+ ... .. +2000
W) S_= > - =27 Total donation, S40=?[2(50)+(40-1)50]
1-{-
( g) =$41000
9 2
I I 3 i 1.1), 1000(1.1)%, 1
16. @ r=-=, rmzu(-;] -2 (ii) 1000, 1000(1.1), 1000(1.1) 10?0(1 )+
2 - 128 Donation: 50 +50(1.1)+50(1.1)" +...
. 12 0
@ s, - Total donation, S, J0a T -h

'~(-4)
17. (l)r’-l& = 1830?4(1
S =75, = 75:%[2“44]

Solving simultaneously gives, a =12, d:%
27 y 27 3
To=—, = 165 ==— -
® 4 3 R -
S, = o =64
1-3
4
18. (a) 161, 154, ., ~ d=-7
S, =0

= %[2(!6l)+(m—l)(—7)]=0 > m=47

) S, < 90%(S,)

a(l—r) ( a
(l1-r) IOO J
= l=r" <09 = " 501

1.1-1
=$22,130=$22,100

21. (a) Let the anglesbe, a, a+d, a+2d,...a+5d
Given, a+5d =4a = Sd =3a.... (1
bJ
also, Sy =2r = 2a+5d =X (2
. 2r
Subst. (1) into (2) gives, a = TS-
2r
Penmeter =5+ 5 + S(T-_-) =121 em
5
M () 2k+3 k+6, k areinG P,
kro &
2k+3  (k+6)
> kT -9k -36-0 = k=12
(i) For k=12, the GP is: 27, 18, 12
27
S, = — =§|
-3
b a 2
.2 (‘) Sl = 3“ f— —_—= }U — ] y =-—
l-r 3
2
ar” =20 - =20 = a=45

‘_.’
a ?)
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“ T‘.JT’
= 027 =Xas2d) = 254

8

S, s;[ludﬁ—hd]!l{d"d]r!ld
4

s.zi[zaou-w]azid‘w]sxd

= §, =45,

3. ()7, =23 — a+54 =23
S|Q.2m = 20‘94:‘0
nolvm.nnuhmeouslypvq, a=-7 d=6

T.=29
1 4
(i) — = 1Sr=]2 — ,.4
b-r l—ir
Sum to infinity, S=9§
4. (@) (i) Wehave, n=25 g=-|5 S, =525

25
525 = (2-15)+(25-1)d] = d =3

(i) Lastterm, T, = -15+(25-1y3)=57
(i) -15. -12, -9, -6, -3, 0,3, 6 .57

Number of positive terms = 20

0
Sy =2?[2(0)~19(3)] =570

(i) The grant from 2012 w0 2022 s,
$4000, $4000(1 05), $3000(1 05)° +
Grant in 20221s, 7,, = $4000(1.05)""

=$6516
4000((1 05)" -1}
W) S, =—————— =3568272
@S 1.05-1 )
= $ 56800
25. () 4 % d=4

(
5 = '2—’[2(4; +9(4)] = 220

(i) 4, %,

S =

26. (a) a =1, d =cos’ x -1

. 10 el .
S0 = ‘2”[2“)69((_()5 X l)}

= 5[2~~95m2 .xJ =10 ~45sin’ x

27. (a)

(b)

28. (i)

29.

30.

(i)

n=

(a)

(b)

M un’f<
- - )<m0<v"i
within the given range, 0<h<>

1 . |
R

» e

(i) 5, =

=
»
.

S, =) «8(1)=9, 5, =(2)° +8(2)=20
First term =9

Second term = §, - §, =11

Common difference, d =11-9=2

Given, I, =7, -9 = ar=a-9.. ()
T,+T, =30 = ar+ar’ =30 (2)

ar(l+r)‘_3_0

a(l-r) 9

= 3 413 -10=0 = r=§

dividing (2) by (1),

Subst. r in (1) gives, a =27
We have, a=12, §, =135
= 135:%[2(IZ)+8d] = d=

& w

45+ 3n

INnAP, T,=12, T,=18, T,=

wn
4=

45+ 3n
4

In GP, 12, 18,

Common ratio =

ro | e

15+3n

also, 4 :§ = n=2]

18 2

20600+ (-] > a=3

y 27
(i) wr=24 (), ar’ = — (2)
ar’ ')»7 3
— = = — y = —
ar 24 4
Subst. 7 nto (1) gives, a =32
32
)y 5, = 3 =128
|-
4
Given, a=3° d=2° § =360°

360 = g-[zm Fn-1)(2)]

= 0t +2n-360=0

5 (n+20)n-18)=0 = n=18
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M@ Gren == = =
s , 3
i SRRy U
e If o4 ¢
s
@ s, -—--ni
=
2.0 Gven, &' =-108, & =32
i’ K¥: ":__3_ — pm——
o’ -108 27 3
P .
@ o3 = e
9
(@) S5, = “3, =-145%
-‘_i,
3. @ 5, =57,
= s7-§(z(‘12)+(4—l‘»41 = d==
T, =48,
:“:llﬂn—l)% > n=2§
® 7 =4 = a’=4a = r=z:2
6 _ 5_]
So=ha = D oyl
r-1 r—1
L3
when r=2 k=2 =! | ;.6
(-2)° -1
when r=-2 k= _, l = k=-2]

34. (3) 5, =10, S, =24, therefore T, =10, T, =14
a=10, d=4

®) First3termsof GPare 64, 48, 36
Therefore mn AP, T, =64 = g=64
Ty=48 = 64+84=48 — 4=-2
7'.336 = 64+(n-1)4-2)=36

= n=|}§

0
35. (@) 5,=400 = 400:'7[24,94]
= 2a+9d=80 . (1
2
Sp=1400 = l4m='70[20’l9d]

= 2a+19d =140 - ()
Solving simultaneously gives, 4 = |3 4 =6

Topc 8 - Answery

y
— 3
- -6 > asbr=6 . M
‘-r
_E.....z' = 2a+7r' =7 3
1-r

36. (a)

37. (a)

(b)

38. (1)

(i)

39. ()

(1)

Ehmunating 2 from (1) & (2). we have.
77 12rs5=0 > r=Z

12

Subst. » mto (1) gives, a=—

(i) The ume, in seconds, can be representy
by an AP. 300,312,324, .. . 549

S40=300+(n-1X12) = nay
() Consider the AP, 300+312+124.
S, = 222(300) + (26 - 1x12))

= 11700 seconds = 3 hours 15 m

ar=48. ar’ =32
ar® _ 32 _2
ar 48 =7 3
a3)=48 > a=72
3
Sum to infinity =216
T =% > r=l
l-r 8
I.=197 = a+3d=197 . . (1

$p=2040 = 2a+94 =408 . (2)
Solving simultaneously gives, d =14

S:,_,_\ :45‘-3
> :(‘)0{2.:"'.99.1']:4*(“20[20+99d]
=3 2;0190;1 =3a+1984 ~: d=12a
T =a+-%9d

| =a+992q)=199¢g
First 3 terms of the GP are - 8. 87, 8°

In AP,
r, =8&r

a =8,
= 8+8d =8 = d=r-I|

I, =8" = 8+204 =8°

= 8+20(r-1) =8/ = r=

o |

3

N

:33
InGP, T, =5 j:zv

ln .’\P, r‘ = S + 3(!

ol

b

=8+ 3
i.

to | s
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41.

42.

43.

4.

Sam to infinity = . 124

@
-3

i) §, =0

= 21206)+(n-1x4)) = 0

=D 38’!-210::0 = n=19

M

3-6r = r=;

l-r

() T =84 = 7+(n-1)d=84

N, =245 = T+B3n-1)d =245 ... . (2)
Solving (1) & (2) simultaneously gives,

’l=23. d:l
-

P

@ § =31, S,=60
first term = 31, second term = 60 -3] = 29

common difference = -2

46.

Given,

=20 = (1:20(]—;*)

1-r
Also, a+ar=128 = a(l+r)=128
Eliminating a gives, r=0.6
a=20(1-0.6) =8

S, on:——l~-4<5
_1 1— |
2 3
first two terms of AP are, 4, 4.5
Thus, S, of R=5

. 2
(i) S, of P= l—=4,

47.

(i) S, of R=5 =

| o—
N

| —
A S

Sum of first 3 terms = 4 + 4£
124

25

(a) ar’ =

9
Sum to infinity = —ITT;' 3

o

2
Y 48,

(b)

(a)

(b)

U]

(i)

Letanglesbe, a, asd, a+2d, a+3d, a+4d
Given, a+4d =40 = 4d=3a .. (])

also, S =27 = 2a+4d=15{.. (2)

Subst. (1) into (2) gives, a= %;—

In

25
16
Angle of the largest sector = Ex

A
4d = }(— d=

We have, -22,
using, 7, =a+(n-1d gives n=27

a=56, d=-3, T =

Sz-’ = %[56 - 22] =459

(i) Equating the common ratios,
2k k+2

2k+6 2k

= k?-5k-6=0 = k=6
(i) For k =6, the 3 terms are, 18, 12, 8

Sum to infinity = 1—82 =54

-3

For +ve terms, 7, >0

= -2222+(n-H(17)>0 = n>131.7
First positive term is at n =132

Tiy, = -2222+(132-1)(17) =5
!r|<l
2¢ 7
= —l<—i),_iq I = ~<0<5—T
V3 o6 s}
d=x"—4x = x’-4x-12=0
= (x-6)(x+2)=0 = x=-2 or6
wheny= -2 T, =16
whenx =6, [; =48
4
K:~—x‘— l".i
- 4 3
T‘ Llr‘ 16( l*) "&
303 27
@ a=096, d=-004, n=20
20
Sy = 7[2(0.%) +19(-0.04)] =11.6
Total distance = 2x11.6 = 23.2 metres
(b) a =096, r=096, n=20
0.96(1 -0.96%
5, = 200967 4 g
1-0.96

Total distance = 2 x13.39 = 26.8 metres

Ask Nadeem

Q46 both
parts
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2(096)

() t v = — =48 m
Sum to infimity 896
. Total dist covered cannot exceed 48§ m
- 4
49. 0 o¢=50, ' =32 = re<
S, = 0 =250
=
®) (@ Equating the common differences.
3cosx-2smmx=(sinx+2c08 x)-3cos x
4
= 3sinx=4cosx = tan.r:;
(i) ! ' h cos x 3
n) teanx=—, = sinx=-—, =—
! 3 S S
8
a=—, d=l
) h)
20 _ 8 1
S50 =—[2(=)+19(=)]=70
20 2[(5) (5)]
§0. () (@ Lossof water forms an AP,

51.

52.

10, 12, 14, ...
Ty =10+ (30-1)(2) = 68 litres
(b) We have, a=10, d=2, S, =2000
2000 = ’—2'(2(10) +(n-1)2)]
= ' +91-2000=0 = n =40.4S
. the tank gets empty during 41th day.
(i) Loss of water forms a GP,
10+10(1.1) +10(1.1)* +------+10(1.1)*°
Water lost in 30 days, S5, =1644.94 litres
Percentage of water left in the tank
_ 2000 -1644.94 1 oo
= 3000 x100=17.8%
First 3 terms of the GP are: 3, 3r, 3,7
InAP, T, =3+2d = 3+2d=3r
T,=3+12d = 3+12d =3/°
solving simultaneously gives,

rP-6r+5=0 =

r=>35
3+42d =3(5) = d=6
. 0
a+ar=50 = (l+r)=— . (1),
a
ar+ar* =30 = ar(l+ry=30 ... (2)
. . 3 125
solving simultaneously gives, r = 3 a= o
1235 o5

Sum to infinity = =

K3

83, (a)

(h)

540 (a)

(b)

Topic 8 .An,“. N
s

() The distance cycle
200, 195, 190,
Distance travelled on 15th »

d fonm an AP

fay
e =200 418(-5) =130 ey

(ii) S, =3050 km
= 3050:%[2(200)4»("«1)(\5)]

= n'-8In+122020 o .-

- He will finish the event on 20 M
May

(i) Given that, ar’ =8g,° S

o) —

also given, Se =314, n=g

S.of P=S, 0f Q
6 12

o

=
1-r l+r 3

Sum to infinity = 5 =9

3
Sy =52

= 2[2(c0s0) +12(sin? )] = 52

= 12c0s’ 0-2cosO-4=0

or cost9=z

3
2.09, radians

= cosf = —

0 =0.841,

t9|—
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 — _TOPICY

\ cunve has equation siven that the gradient of the cunvc

L -
X

the constamt £

The diagram shows the curve

where « 15 constant The

on the r-aus

@ Find the value of &

{w) Find the coordinares of
of the curve

V=X =3¢ -9y k.

curve has a minimum point

the

maxmmum pomnt

(@) Sute the set of values of for
X -3 -9~k

of x L

is -3 when 1 =2 find the value of

[J08'P1201)

s 9 2 !
(™ Find the area of the shadoed region.
_ 6
The cquation of 2 cune is } = ——
5-2x
() Calculate the gradient of the cune at the point where x =

() A point with co

t wves along the cune in
v has a constant value of 0.02 units per second. [

1 hoan o o} the o - } ~ o o
(1) The region berween the cune. the x-axis and the lines v =0
about the x-axis Show that the volume obtained is =~

5
The diagram shows an open con r
constructed out of 200 ¢cm- of rd The
two verncal end picces are sosceles triangles

with sides Svem. Sicm

IWO siG¢ picces are r
and width Sxcm, as shown The open top is
2 honzonta! rectangle
: 200 -
(1) Show that - -
[0x
(i) Show that the volume, I"em’, ot the container is given by }’
(iven that « can vary,

(i) find the value of v tor which } has a stationary value,

{v) determine whether it s 4 maximuim or a minimum stationary value.

such a way that the

ind the rote of increase of

— 1

[JO6/P12:Q10]

rate of increase of
when v=1,

v=1 1s rotated through 360°

[N06.P12°Q8)

= 2400 - 28 8y

[NO6/P12:09)
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9. The oquanon of & curve 8 1 =55 G

{‘.: " d“! :

() Obun expresssons for i and d' :

- ¢ the natwre of the eay :

(i) Find the coordinstes of the stahonary point on the cunve and determmine e i

iy Find : es of :

e . i - ;

ary p ) wnt (2. 2) intcrsects the r-aus at the point ¢ 10 & {

(i#i) Show that the normal to the curve @l the pomnt . 2

" mes ¥~ | and 1= i

) ' urve, the x-axis a d the 2 :

(v) Find the arca of the region onc losed by the ¢ oo |

10. The eguation of a curve s 1~ 2y - W)Y Ax

\J
9 nd - 2 in terms of 2

h Fxpress
ds dx
() Find the r-coordinates of the two statonary points and dctermine the nature of cach :tatx(:‘lﬁ,
[NOT/P12/Q8)
point f
1n. T N
p N

o e —~—
1em

A wire, B0cm long. 15 cut into two pieces One piece 1s bent to form a square of side ¢ ¢cm and the
other piece 15 bent to form a circle of radwus » em (see diagram) The total area of the square and the
circle 1s 4 cmy’

: (2 +4) 160 + 1600
() Show that o —

-

(M) Grven that x and / can vary, find the value of x for which /1 has a stationary value

[NOX PL12Q7]

12. The diagram shows the cune

)

o= - 6x" +9x tor 220 The curve has a many

L

mum pont at A and a minimum point on the vaxis
at # The normal to the curve at € (2, 2) meets the ‘ \
normal to the curve at /4 at the point D ‘ \

(i) Find the coordinates of 4 and A . \C 1D
» < I “
(1) Find the equation of the normal to the curve at ¢ ‘ \

(i) Find the area of the shaded region i/
{

/Juq I’I.‘ (;)“ f ‘v’ \
/ ,_! \\ L__
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Topic 9 Differentiation »i_

(0]

13. The equation of a curve ig V= ‘l;
II +3

(i) Obtamn an CXpression for i\'

X

(i) Find the equation of the normal 10

(i) A point is moving alon
rate of 0.012
through P

the curve at the point A1, 3)
g the cunve in such a

Units per second. Find the rate of change of the y-coordinate as the point passes

way that the r-coordinate s increasing at a constant

[NO9P117Q7]

14. A prece of wire of length 50 ¢m is bent to form the
penimeter of a sector POQ of a circle. The radius of
the circle 1s ¥ cm and the angle POQ is ¢ radians !
(sec diagram).

() Express 0 in terms of » and show that the arca, i)

Acm®, of the sector is given by 4=25,_,2

0 rad
(i) Given that r can vary, find the stationary 0 - Q

value of 4 and determine Its nature.

1S. The diagram shows part of the curve $
1R
2x +3

and the y-axis at B The normal to the curve at
A crosses the y-axis at C

y=2-

. which crosses the x-axis at A

() Show that the equation of the line AC is 9y + 4y =27,

(i) Find the length of BC

[J10PI1Q7)

B

16. A solid rectangular block has a square pusc of side x cm. The height ot the block s 4 cm and the
total surface arca of the block 15 96 cmn-,
() Express 4 in terms of x and show that the volume, ¥ cm', of the block s given by
|
b =24x-—x.

b

Given that v can vary,

(i) find the stationary value of V,

(iii) determine whether this stationary value 1S @ maxiumum or a minimum. [J10/P12/Q8)

[NO9/P12/Q7)
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19.

20.

21.
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The l 1y .
SQquation of a curve s y=—{2x-13) -4
6

“) Find ﬁ
nt where the curve intersects the axi

dx
@) Find the equation of the tangent to the cunc at the pe
n increasing function of ¢

] ’
(i) Find the set of values of r for which —{2¢-3) -4¢ 182
) 101,

The equation of a curve isy=3+4dx-r
M  Show that the equation of the normal to the curve at't e ; ‘
() Given that the normal meets the coordinate axes at points 4 and B. find the coordinates of the

mid-point of 48 : ' N0
(W) Find the coordinates of the point at which the normal meets the curve again. [ /P”'Q”)/

he point (3. 6)is 2y =x +9.

The diagram shows a metal plate consisting of a
rectangle with sides x cm and y cm and a quarter-
circle of radius x cm The perimeter of the plate is
60 cm.

N

xcm
(i) Express y in terms of .
(i) Show that the area of the plate, A cm’, is
given by 4 = 30x — x2. ycm ~— X CmM —e

Given that x can vary,
(iii) find the value of x at which A is stationary,

(™) find this stationary value of 4, and determine whether it is @ maximum or a minimum value.
[N10/P]] 08)

The length, x metres, of a Green Anaconda snake which is ¢ years old is given approximately by the
formula
x =072t -1),

where ] <7 <10. Using this formula, find

(i &
] —
) dr
(i1) the rate of growth of a Green Anaconda snake which is 5 years old. [NLO/P12°Q3]

The diagram shows an open rectangular tank
of height & metres covered with a hid The base
of the tank has sides of length x metres and

% x metres and the lid is a rectangle with sides

of length %.r metres and g.r metres. When

full the tank holds 4 m’ of water. The material
from which the tank 1s made is of negligible
thickness. The external surface area of the tank
together with the area of the top of the lid s

1 m?.
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26.

Topic 9 Differentiation s/

®  Express b in terms of | ang hence show that A = 3¢/ + M
)

D G '
(W Given that v can vary, find the value of « for which 4 is a minimum, showing clearly that 4 1s &
minimum and not a maximum [NI10/P12/Q10]
A curve has equation ‘v. S
LR
d N
(v Find Y and ),
\1‘ d‘ ¢
() Find the coordinates of the maximum point 4 and the minimum point 8 on the curve
[NI0/P13/QS)]

. The volume of a sphenical balloon is increasing at a constant rate of 50 em' per second. Find the rate

of wcrease of the radius when the radius 1s 10 em [Volume of a sphere - ar' ) J11/P11/Q2]
p |

The vanables v v and = can take only positive values and are such that

=34 2y and vy = 600,

1200
() Show that z=3v+- —
\
(i) Find the stationary value of = and determine 1ts nature. [J11/P11/Q6]

4 . ‘
. A curve has equation v = ~a and P (2, 2) is a pomnt on the curve.
Ny -

() Find the cquation of the tangent to the curve at (4]
(i) Find the angle that this tangent makes with the -AXIS, [2]
[JLP12/04]

A curve has equation » 3¢ o1 ¢ 4y + 20 Show that the gradient of the curve Is never negative.

INII/PLIA2]

The diagram shows the dimensions in meties of _x
an L-shaped garden The permeter of the parden
1s 48 m.
_ .
() Find an expression for y i terms ob 2)
(i) Given that the area of the garden is m’, Iy
show that A = 48v -~ 8", I
T

(i) Given that v can vary, find the maximum
area of the garden, showing that this is a
maximum value rather than a minmmum value. b

INILPLLQT]

Iy
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28.

29.

31

33.

34.

35.

the pormal 1© the curve at the point P o
s

Anm-urbﬂmﬁ‘l:y.’__ Thelmt_‘\‘l’l‘
dx X ve. find
the curve Given that the r-coordmate of £ 18 poSHive,

() the coordinates of P.
(i) the equaton of the curve

(N1l PI“Q"

, ()= 200wk - 12, whe
A curve y = fix) has a stationary pomnt at A3 -10) Tus given that '(x) e ks,
:.‘:n“s.:(:‘f nd ¢ stationary pomnt. o
’ that k = -2 and hence find t

points P and Q

() Find f*(x) and determine the nature of cach of the statonary NI/
(i) Find fix) iy

he r-coordinate of the othe

growing. [ts mass, M kg, and radus,

L It 1s also assumed that the radius s

ricular day the radius is 10 ¢cm and

asing on this day.
[J12/P11/Q4)

cal in shape while s
where k is a constan
day. On a pa day
hich the mass Is ncre

A watermelon is assumed to be sphen
r cm, are related by the formula M = kr.
increasing at a constant rate of 0.1 centimetres per
the mass is 3.2 kg Find the value of & and the rate at W

_ 3 2
It 1s given that a curve has equation ) = fix). where flx) = - 2¢ + X
t of the curve is less than S.

(i) Find the set of values of x for which the gradien .
(i) Find the values of fix) at the two stationary points on the curve and determine the nature of
each stationary point [J12/P11.Q10)

-2

. The equation of a curve is y=4wx+7",=.
X

d
(i) Obtain an expression for a%

(ii) A point is moving along the curve in such a way that the x

rate of 0 12 units per second. Find the rate of change of the y-coordinate when x = 4.
[J12/P12/Q2]

-coordinate 1s increasing at a constant

} 10 ! ,
The curve y = - -2 intersects the x-axis at 4. The tangent to the curve at .1 intersects the
X ¥

y-axis at C.
() Show that the equation of AC is Sy + dx =8
(i) Find the distance AC 2P

An oil pipeline under the sea is leaking oil and a circular patch of oil has formed on the surface of the

sea. At midday the radius of the patch of oil 1s 50.m and is increasing at a rate of 3 metres per hour

Find the rate at which the area of the oil is increasing at midday ['le’/PH Q‘/
: INL 2/ ¢~

A curve has cquation y=2x+ Verif
, - Verity that the , . .
(x-1) Y that the curve has a stationary point at ¢ = 2 and

determine its nature.
[N12P1EOS
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36.
¥
.
v=(6r+ 2!*
Al 2)
2
/
0 C —» t

]
The diagram shows the curve v = (6x+2)% and the point A(1, 2) which lies on the curve. The tangent

10 the curve at A cuts the v-axis at 8 and the normal to the curve at A cuts the x-aws at C
() Find the equation of the tangent AB and the equation of the normal AC.
(i) Find the distance BC

(i) Find the coordinates of the point of intersection, E, of OA and BC, and determine
the mud-point of OA

whether £ 1s
[NI12/P11/QI1]

37. The diagram shows a plan for a rectangular park .
ABCD, in which 48 =40 m and 4D = 60 m. Points B X 2cm
Xand Y lie on BC and CD respectively and AY, XY
and YA are paths that surround a trniangular play-
ground. The length of DY 1s xm and the length of
XCis 2xm 40m

\

(i) Show that the area, 4 m", of the playground /’\).
y

is given by A =x -30x+1200 !
/ { e
(i) Given that x can vary, find the minimum A il Ip

Play ground

area of the playground 60 m
INI12/PI2Q3)
. . ! d
38. A curve is defined for x » 0 and 1s such that 0 x+ =5 The point P(4, 8) lies on the curve.
X 1

(i) Find the equation of the curve
(ii) Show that the gradient of the curve has a minimum value when x =2 and state this minimum

vaiue, [NI2P12:Q10)

39, It given that f(x) = o ¢ for x > 0. Show that { 1s a decreasing function. [NI2/P13.02)
A -




A carve n sach that
i"—ZZI'}xbl‘v3 -6y -8%

@ Fod &2
P
(m %ﬁiﬂ'&tmm:mmwh@x=—iwmmmm
(@) & » now pven that the stahonary pomt on the curve has coordinates (-1, 5} Find the equangs
of the curve
[,VI.‘ Pl3 Q.l,-

<y - ¢ for x € R Show that f 13 an increasing function [Fi3/:P} 0

ks ges the f0) = (2 -

~3xi+3x 2110

A carve has eguation = fir) and s such that f'(x)
or otherwise, find the values of x for which the curve

@ By usng the substitution w=rxl,
y = f(r) has statzonary points

@) Fmind f (x) and hence. or otherwise,
(i) It 3 gven that the curve ) = f(x) passes through

determine the nature of each stationary point

the point (4. _7) Find fix). [J13 P! 09

The volume of a solid circular cylinder of radius 7 cm 1S 2507 cm’
@) Show that the total surface area. S cm?, of the cylinder is given by

(W) Given that r can vary. find the stationary value of §.
(i) Determune the nature of this stationary value [J13/P12/Q8)

9, find the stationary

The non-zero vanables x. » and u are such that u =%y Given that y + 3x =

value of u and determune whether this 1s 2 maximum Or a minimum value.
[J13/P13:Q6]
. L 6 ) .
A curve has equation » = flx) It 1s given that f'(x) = g +— and that i3) =1 Find f{x).
VI+ x
INI3PIQ2

~— v metres —=

The nside lane of a school running track consists
of two straight sections cach of length x metres,
and two semicircular sections cach of radius 7
metres, as shown in the diagram. The straight sec-
tons are perpendicular to the diameters of the semi-
circular sections. The perimeter of the inside lane is
|
|

400 metres
)

!
[
I
rmetres
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s1.

@ Show that the aea. A m’' of the regon enciosed by the mside lane is given by A = 4007 - 2r°

@ Grven that 1 and + can vary. show that. when 4 has a stationary value, there are no straight
sections = the wack. Determine whether the stationary value 1s a maximum or a minimum

[N13/P11Q8]

iﬂkdmeumepmM(O. 12) and 7 1s the
posm (16,0 Thcms.leicsonST.bctwccnSand

7. and has coordinates (x. ¥). The pomnts P and R ‘{
e on the s-axis and y-axig respectively and OPQR S0, 12)
% 3 rectangie

® Show that the area. A, of the rectangle

OPQR s given by A;;z,-%xf' R Q(x,y)

(%) Grven thet r can vary, find the stationary
value of 4 and determine its nature. 0 P

[N13/P12/06]

raeo

-

> +x, where kis a positive constant. Find, in terms of k, the values of
X+

A curve has equation y =

s for whuch the cunve has stationary points and determine the nature of each stationary point.

[N13/P13/09)

A curve has cquation j = — 7 Find the equation of the tangent 1o the curve at the point where
Gx+1)°
the linc x = - | intersects the curve. [J14/P11/Q4)

dy . Y - )
A curve 1s such that — =12 -1 7 The curve passes through the point [+ =)

() Find the equation of the curve

() Find ——<
dr’
(i) Find the coordinates of the stationary point and determine its nature /./I4/P/I/Q/.’/
d‘ 13 | ’Ths ]
A curve 1s such that —= = === where u 15 a constant. The point P(2, 14) lies on the curve and
dx J(dx+a)

the normal 1 the curve at P is Jyrx=35.
() Show that g = &

(W) Find the equation of the curve 1114/P13/06)

Topic 9 Differentiation :___
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1r cm The volume of the cubowd s 288 ¢m’
AL ™

s p\fﬂ b‘

52. The base of a cuboid has sdes of length 1 cm #nd

@ %'ﬂnﬁxr.mwﬁamof&tn&nd 4 cm.
. 768
4=6x‘¢——-'
L ture P!
(@) Given that r can vary. find the stahonary value of 4 and deterruine (S natu Vi Piige
r can VEry. )

: The curve v = flx) passes

§3. The function f 1s defined for x > 0 and 15 such that f’(”zzx_?
through the pomt A2, 6)
® Fmdthteqmmo(dwcmultothecun'catP.
(ii) Fmnd the equation of the curve.

(i) Find the x-coordinate of the stationary point an
MAXITAEM OF 2 MINIMUMm.

d state with a reason whether this pont is a
[NI4'P]} 09/

12

S4. A curve has equation y=3

-2x

Fmdg
® drx

A pomt moves along this curve. As the point passes through A, the x-coordinate is increasing at a
rate of 0 1S units per second and the y-coordinate is increasing at a rate of 0.4 units per second.

(i) Find the possible x—coordinates of A. [NI14/P12: M)

. 3 2
§5. The equantion of a curve 1s y = x +ax” +hx, where a and b are constants.

(i) In the case where the curve has no stationary point, show that a* < 3b.

(i) In the case where a = -6 and b =9, find the set of values of v for which v 1s a decreasing
function of x. [N14P12/06]

d:y 24
$6. A curve s such that T3 -4. The curve has a stationary point at P where v = 2
x

(i) State, with a reason, the nature of this stationary point.

. dy
(ii) Find an expression for Z)

(i) Given that the curve passes through the point (1, 13), find the coordinates of the stationary pont P.

[N14.P12:Q10]
57. A curve y = f(x) has a stationary point at (3, 7) and 1s such that () =36x"

(i) State, with a reason, whether this stationary point is a maximum or 4 minimum

(i) Find f'(x) and f(x). [NI4PIZOS
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68.

69.

71.

72.

A curve is such that :—‘ =2 _8(3,(,,4)'%
X

m A Po”f“ P}mqves along the curve in such a way that the x-coordinate is increasing at a constant
rate of 0.3 units per second. Find the rate of change of the y-coordinate as P crosses the y-axis.

The curve intersects the y-axis where y = i
T3

(i) Find the equation of the curve. [J16/PII/Q4/

A farmer divides a rectangular piece of land into § equal-sized
rectangular sheep pens as shown in the diagram. Each sheep
pen measures xm by vm and is fully enclosed by metal
fencing. The farmer uses 480 m of fencing.

- rm =

(i) Show that the total area of land used for the sheep
pens, Am’, is given by
A =384x-9.6x".

(i) Given that x and y can vary, find the dimensions of
each sheep pen for which the value of 4 is a maximum.

(There is no need to verify that the value of 4 is a maximum.)

[J16/P11/QS]

_ 8 .
The diagram shows the part of the curve V= —+2x for x>0, y
X

»
>

and the minimum point AL,

<
1l
= | >

. . . . dy d° 2
(i) Find expressions for —, —5 and |y dx.
dv dx”

(i) Find the coordinates of M and determine the coordinates
and nature of the stationary point on the part of the
curve for which x < 0.

M

(iii) Find the volume obtained when the region bounded by
the curve, the x-axis and the lines x =1 and x = 2 1s
rotated through 360° about the x-axis.

[J16/P12/010] 5 >

A curve has equation y =8&x+(2x—1) ' Find the values of x at which the curve has a stationary

point and determine the nature of each stationary point, justifying your answers. [J16/P13/Q5]
, 10 2 .
»= ¢~ ——x? +5x in such a way that the rate of

The point P (x, y) is moving along the curve )y =
change of y is constant. Find the values of x at the points at which the rate of change of x is equal

to half the rate of change of y.
[J16/P13/Q7]
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. —1 ot 4 3 -
73-Amhm):g,.dﬁapgmr(n-;}x 2:x  The por i5 the only pogy

on the curve ot whxh the gadent 5 !

(M Fnd the r-coordmate of 4

() Given that the curve aiso passes through the powst
answer as 2 fracton /-\'IéPuQ;;}’,

(4. 101, find the ycoordinate of 4. giving vour

- —

74. The pomt P (3. 5) bbes on the carve y = —— ="
M Fdhxmdmdd!ponm&:namitodxcmtnf’lmcrsectsdnx.um

(i) F-dﬁxmdmofmho(&mypommdnanwmdddmmmLhenam:of
SERONATY fying your answers ‘
cach posnt. jusl [_\-ld/p”,Q”I,

5. 3
78. The equation of 2 curve is =l

] Mmaptewonfa%

(i) Explam why the curve has no stationary poinis.
At the point P on the curve, x= 2.
(i) Show that the normal to the curve at P passes through the ongin.

™) A poimt moves along the curve in such a way that its x-coordinate 1s decreasing at a constant
rate of 0.06 units per second. Find the rate of change of the y-coordinate as the point passes

through P.
[N16/P12/Q7]

76. The function f is such that f(x)=x -3x —-9x+2 for x > n, where n is an integer. It 1s given that f

is an increasing function Find the least possible value of n
[N16/P13/Q4]

dy 2 -4 2 _
77. A curve is such that E% =>x *+ax 2, where a is a positive constant. The point (a®, 3) lies on the

curve. Find, in terms of g,

(i) the equation of the tangent 10 the curve at A, simplifying your answer,

(i) the equation of the curve.

It is now given that B(16, 8) also lies on the curve

(iii) Find the value of a and, using this value, find the distance A8 [N16/P13/Q10]

e S S N e A e
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. &x- T2
:~3=—(2% k=12

8

dv . s
® =3 -6x-9-0

1
- x‘w-2r-3=0 = x=3 0or x=-]
mimmum point is (3, 0)

Subst (3, 0) into eq of curve gives & =27

(i) Subst x = -1 into the equation of curve,
max. pownt s (-1, 32)

dy
W) — <0
{ )d‘
=3 -6x-9<0 = 1o .3

3
(W) Area - J’(Ij -3x? - 9x+ 27) dx

0

3
=33~ sq units
2 q

dy 12
o —-= =
dr  (5-2x)°
dy 4
at =], —=-—
dv 3
&Y, &
& de dr
= 002:—»E = i\ =0.015 units sec
drs
! 2
. 6 |
(iti) Volumc:;rj’(—v | dx
\5-2x)

0

! )

) 12
= 36”“'(5— 2x) " dx L 7 units’

0

() By phythagoras, height of the A = 3v cm
| \
l'otal surface arca = 2(-7- (51)(3\)J +2(5xy)
\ -
200241

= 200=24x" +10xy — v=
10x

(i)

(i) a

(v)

9. (1)

(i)

(iii)

(iv)

10. (1)

V = arca of A <height
/ { zm_-z“}
= | -l—(R,l)(.‘.()\h —_‘“—_]
(2 } 10x

=240y - 28 8¢

=240 -86.4x° =0

x
= x'=27778 = x=167
d’v .
At x=1667, —-<0, . Maximum
v, 16 &y
dx " d? o
16
2-—=0 > =2
r
8
= y=22)+—=6
(2)°
stationary point is (2, 6)
dzy
at x=2, —>>0, . (2,6)15amn. point.
At(-2, -2, Yo, 16,
de (-2)
gradient of the normal = - 1
4
cquation of the normal .y +2 = - l(t +2)
for x-interceptput vy =0, = y¢=-]0

the normal cuts the x-axis at (-10, 0)

Area = ‘[ v dx

J(Zr P8y Yy dy = 7 sq. units
|
d"; = 24(x% -3 +2)
X
dJ Y d 2
= 24007 = 3x +2)) = 24(2x -3
de” d,l'( ) )
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dy 2
(i) = =24x -3x+2)=0
) dx

- 24(x-Nx-1=0 = «x=1 x=12
dy

at x=1, —= <0, . maxmum point
dre”
d*s . .

at x=2. —>0, minimum point.

11. () Penmeter of square = 4x
penimeter of circle = 27

4y +27zr =80 > r-=

. |
A=x"+xar"

2 (/AO_ZX'
=x ‘”L I
P

(7 +4)x* —160x + 1600
T

dA 2(.7¢4)x—160_0

&
27+ 4)x-160
o Ar+4)x-160
n

(i)

=0 = x=112cm

d‘v 2
12. (i) &:-Lr -12x+9=0
= 3’ -12x+9=0 = x=I and x=3
when x=1, v=4 o A(l 4)
when x=3, =0, - B(3 0)

(ii) At C, ﬂ=—3 = grad. or'normal=l
dx 3

equation of normal 1s

y=-2=

3(1—2) = 3y-x=4

<3

w T
\\
«—— -

S
R

B(3.0) !
1—>

Subst. x =3 intoeq. of CD. = py3 1,
3

N D O 2
Area of BDCE = 5”)}\ 2+ T f’ units?

> |

3

Area under the curve = I v dr
‘ o
= A =J(.\‘ ~61> +9y) dr = E units®

3
Arca of Shaded Region = l_f? - 3 =1— unit

Y
13,6 oA
dv  (x° +3)°

3
(i) Atx=1, grad. = -5, grad. of normal 22
3

“

Equation of norrmal :

)'—3=§(.\‘—l) = 3y-2x=7

Looody dy dv
("|) —_ = = —
dr dx dr

= —%x 0.012=-0.018 units/sec

14. (i) Perimeter of the sector POQ = 50 cm

= r+r+r0=50 = 0=§)-—2
r
Arca, A =lr2[ﬂ-"J=25r -re
2 r
.. d4
() —=25-2r=0 = r=125cm
dr
stationary value = 25(12.5) - (12.5)" =156.25
d*A : :
E—,— =-2<0, .. St.value is a maximum
r-

I15. (i) Point 4 1s (3, 0),
gl o 36 - 4

dv (23)+3)° 9

Al x =3,

gradient of normal = — :
Equaton of normal AC 1s:
y—-0=- 3(.( =3) = OQu+dy=27

(1) Subst. x =0 into eq. of curve gives, B(0, -4)

. , 27
Subst. v =0 into eq. of AC gives, C(0, ‘4‘)

Length of BC, ]BC' =10.75
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6. @ Toul surface area = 2 ¢ Aok

A 48 -
L nedur=%0 = k=
} = basc arcax h
< _ 2) l
:‘ib___.‘_ = 24y - —\
=X - -
X -
d‘ ‘J__.:_‘::O = \1‘"

(n X;" 2

A 1 .
Stationary value of 17 = 24(4) - —(4) = o4

-

(i) At x =4, %{- =-12<0, Maximum

dv 4. a4
-.,v. __-:(_,j‘-—:l —
N N

dy
= 0 _—= 5
() Al x o

Q
the curve meets the y-axis at (0, -:\

equationis: 2y -10x+9=0
. dy
(ili) For increasing function, -Ex—>0
= (2x-3)"-4>0 = (2x-1N2x-5)>0
. x<—l-, x>2—l-
2 2

. d)
I18. (i) —=4-2x
dx
At x=3 m=-2 = mofnormal:%
Equation: y-6=%(x—3) = 2y=x+9
.. 9
(i) 40, 5." B(-9, 0)

’

mid point of AB :( -

[N EN)
FNRVC)

(iii) Equation of AB: 2y=x+9

Equation of curve :  y =3+ 4x - ¢’

. , l 19
solving simultaneously gives, x = 5 y= T
, I 19
- normal meets the curve again at 2 Yy
19. () 9, X _ . X2
-l*‘zV"T—()O = y=30-x 1

22.

23.

|\‘||I\' 'lAn‘m ( a

et e s —_—

(o ‘-tu|!\"
1

)

‘ | N
“ A0 -y vt = 0r -y
\ .‘ '

an Yo

Jy=0 >
\l\

v |S

(M) Stationary value of 4 = 30(15) - 18% = 225

R
- = -2 <0, maximum
v
) -
. (l) \'l\ . - \‘-—'
de Y-
d 07

(i) When r=8, — «- =021}
de ‘}(2(5) )

rate of growth = 0.233 metres per year

. (1) Volume of tank = 4 m’

8
> h= “"2“

|
= (.\-)(:x)(h) =4
-~ X

A= (.r)(% X)+2xh+ 2(%,:)(/,) + (.;i I)(_i. X)

3, 5
=5 +3xh = é_\'“ + 3x(%) =—3-x2 +E
2 2 X 2 X
., dd 24
n —=3r-——=0 = =2
(i) m 2 x
4
At x=2, —==9 >0, . A4 is minimum
dx”
, 2,
i ¥ _;’ 9_—:: 2
dx (x—=3)" dn?  (x-3)°
(ii) Q:— ! ~+1=0 = «x=4o0r2
dx (x-3)"
1
¢ =2 ) = = '
When x=2, ) 2‘3+2 I, AR
When x =4, )'=—l—3+4=5, . B(4,5)
dl_v . .
when x =2, —7=—2<0, oo A s maximum
v
dzvy L
when v =4, —=2>0, .. Bis minimum
dx”
/ , v
S”—:4/1:'“, At r =10, g—:400:[
r dr
ﬂ:dyxi = —l— cn's

de At AV sx
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(i) f(x)=4x-1
24. () ’~3t¢7‘:——" = 2231“m at x=3 f7(x)=10, stmmm..m
) ol . at x=-2, f7(x)y=-10, QQISMM
m 223‘-]2(.”2(' = =20 (“njf,(')d":]":'f_2‘_'2‘d'
dx 4
' Iutof'=3(20)‘,:00'—'|30 :,rm=3x‘-x:-|:nk
Stationary va z " ]
d'z "Subst P(3. -10) gives, K =17
At x=20, — =03>0, minimum Lo
@ f(t)=—‘-r'—r'—|2.rtl'-'
dv | s Y5
— - ax=2 == .
B0 & (31 - 4)? dr k=£=3.:=0003:
Equation ) -2=-3x-2) = 3x+y=8 210
(i) Gradient of the tangent = tan # dv _dM  dr
= tanf=-3 = 6=1084° d: dr ds .
=3(0.0032)10)" x0.1 =0.096
26. :%:9:’—!2:44:(31—2)2 &
M. (1)) —<
. Gradient 1s never negative dx .
= 3T -4x-4<0 = (v-)3x+2)<p
27. (i) Perimeter = 48 R

24 -4x
3

= Bx+61y =48 = y=

(M) A=3x+3xy
94 - \ )
=6x( ‘4341 ]=481—8x‘

(i) ﬂ=4('1—l(>x=0 = x=3
dx

Area, 4=4803)-83)'=72m’
¢4

2

=-16 <0, . Areais maximum

28. () Grad of the normal lme=-§

= gradient of tangent to curve = 3
B

= 5'—, =] = x=312
e

Subst. x =2 into line, gives, y =§
coordinates of P(2, §)

G) [dy=[6-sc)dx = yaseabig
X
Subst. P(2, §) gives, K = -9

" equation of the curve 1s:  y =Sy + 8 -9
X
29. (i) P(3, -10) is a stationary point, = f'(3)=(
= 207 +k(3)-12=0 = k=_2
now, f'(x) =2x* ~2¢-12=0
= (x-3)0x+2)=0 =
t-coordinate of () = -2

x=3or -2

33 ()

= -Z<x<?
3

(ii)gl=3x:—4x+l=0 = .r.—.l or 1
dx 3

4
when .rzl. f(l)=—.
3 3 27
when x=1, f(l)=0,
d*,
at x =—, +=-2, . (=, —) is maxi
3 (3 27) N 1mum
d’y L
at x=1, —— =2 (1, 0) is minimum
N
) Yy —
32, Lol
dv  xJx
' Bl o
(i) When v=4, & _29H-1 7
dx 474 8
b &
dr dy dr
7 o
= g x 012 =0.105 units /second
Point 4(2, 0), at « =2, i& :—i
dx 5

Equaton: -0 = —i(.t—2) = 4x+5y =3
)

\

(i) Point C is Lo, iJ
S

{ hl b .
lAC| = VE =07 +0- 1" =256 units,

A D P i s+
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w, A=ar = ——=lar
d4_d4 dr
:17_ dr ds
=2x(50)x3 =300x
dv 2
g —=41-—
LT -y
dv 2 0 ified
ty=.,, ——=i- = :
a i (:_”} (verified)
d’y
atx=2, —=6>0. . Minimum.
dx”
36. () -L£=2(6x+2)73
dx
v
At x =1, =5 = grad of normal = -2
X <
. Equationof 4B: 2y-x=3

~ Equationof AC: y+2x=4

(i) Subst. x =0 nto eq. of 4B gives, B(0, i)
2

Subst. y =0 into eq. of AC gives, C(2, 0)
Distance BC: |BC|=V6.25 = 2.5 units.

(i) Equation of OA4: y =2x
Equation of BC: 4y+3x=6

o

Solving simultaneously gives, E(li, ll;l)
. . . 1

Mid-point of OA4 = (5 1)

= E is not a mid-point of OA.

37. (i) A=area of ABCD —arca of (A4ABX
+ AXCY + AYDA)

= (60 x 40) —( (60 = 2 ¥)(40)
\

o | —

\

1
(2x)(40 - x) + -imm( _\-))

+

2 | -

= 2400 — (1200 — 40x + 40x — x> +30x)
= x> =30x+1200
(ii) dd =2x-30=0 = x=15
dx ,
Min. area = (15)> = 30(15) +1200 = 975 m’

[

) x4
38. (i) dez_[(.r+4,r Dde =y = L + K
Subst. (4, 8) gives, K =1
o4
+ equation of the curve : -y === Fl

Topic 9 - Answers \_—5_,: )

.odly ? 8
R SR B S
dx* X dx” 2
3
Also at x =2, L‘—siw()
' 2
the gradient is minimum at x = 2.
dy 4
Minim al forad. is: —=2+—=3
inimum value of grad. is 1 7

39, f'(x) = —%—3.& = —3L-———.\"]

x
= f'(x) <0 for all values of x.

Thus, f(x) is a decreasing funciton.
dzy

o

"~ —

-6

40. (i) 9(3x+4)

3
(i) At x=-1, 2'—y=2(—3+4)2 +6-8=0

x
the curve has a stationary point at x = -1
d?y ..
At x=-1, —~ =3 (>0), .. Minimum
doc?

3
(iii) Idy = I (2(3,”4)2 —6x—8] dr
y= 1—5(3x+4)2 -3x° -8x+C

Subst. P(—1, 5) gives, K = —%

4 2, 4
y=—0Bx+4)2 =3x" —-8x—-—
’ 15( ) 15

41. F'(x)=602x=5)% +1
f'(x) > C for all values of x.
. f(x) 1s an increasing function.

42. (1) Using substitution, {'(x) =3u+ 3 -10
u
- 3 |
3ut+r——10=0 = 3u -10u+3=0
u
| 1
Du=30ru=— = x=9 or x=—
3 9
o 3 - !
@) f"(y)y==x 2 - =y 2
2 2
~ (‘ 4 . . .
£7(9) = 5 (>0), pointis minimum.

o
f (T)): =36 (<0), pointis maximum.
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- ) i . ASRQ vs silar to ASOT
fﬁ)[fuuh-] Ixi a3y P -10 &x i2-y _x 1y 3
— — > y=]2 -
2 : i2 16 4
= firy=2x? «617 1014 K Area, A=xx) i
Subst P4, -7) gives. K =5 "”:“:')'U(-itl :
; ‘ :
f(l\th:bﬁl‘: ~10r &S aA 3
) —=12-5x=0 = x=3
43. () Volume of cybnder = =7’k dr 2
- 250 4 - 1% - 2 H
= ik =2%08 = ""’T stationary value of 4 = 12(R :m ~a
e &4 3
{2 \ . e = —
S.2x7142‘r' ‘_'.(_9 = Zxr‘o——-——m d!: B 2 <0. Maximum
| 2 r
: p
(ﬁ)gt‘ﬂ_m‘:(} — r=Scm “_d—"z— k +l=0 > X+2)=+
- 5 (x+2)= ¢k
dr re dr (x+2) 1
N s 5 4
Smm)‘\W=2ﬂ5)“'(?x=ISOxcm‘ x=k-2, or x=-k-21
dly 2
1 _ o) P .
000 At x=k-2, —=—, .. Minimum
(i) %—;‘1-4“' el ad k
r 2 B
d’s At x=-k-2, d—*:—=—:-. © Maximum
at r=S5, —d—r::=l2fr(>0) dx” k
Stationary value 1s a minimum value
49. When x=-|, )'=-——4—7=l
M ou=x09-3x) = 9x® -3y (=3+1)
du . . at x =-1 dy—}
;-lﬁx-‘h’to = x=2 d (3"’1_”3' 2
Carn? 3 _ Equation: y—-l=3x+1) = y=3x+4
Stationary value 1s - u =9%2)" -3(2) =12 4
d’u 1 1
st x=2 Ir—z-z—l& * maximum value. 30. (i) jd},zj'(,z —x 1)dx
5 3 L '
| 6 ) D)z:xz_h:«,x i
‘s I{'(I,dxﬂiji—,a*-—: drx 3
\ \4‘1#6 | 2) . -
6 Subst. (4, —;) gives, K = ——
Y f(x)-ZJ:-&b-—-vK I L
: - . Fcurve BRI
Subst (3, 1) gives, K = -3 . equanon of curve = v = ‘.\ 2x 3
— 6
f(x)=2Vx+6-—-3 -~ I S B
X () —F =70+ - 1
. - -
46. (i) Given penimeter = 400 i | .
¢ ) )
= 2r+2x=400 = x=200-77 (i) —dl:r- =0 > x=1 ,
X
ASX'I'ZXV o] | )
s =S 2D -2 = =2
xxr‘*Zf(ZOO-xr)z-‘OOr—xrz =) 3“) 2 3 -
dA 200 statonary point is (1, —2)
(i) —=400-2xr =0 = r=— 2
& ‘200 At v =1, d—%:l, -~ Mimmum.
At this value of 7, x=200-r(—)=0 -
n
Since x = 0, there are no stnght sections.
&AL
— = -2n, stationary value 1s maximum.
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“uva)
—_—
1. @ Gradient of curve at P, d_-: 12
dr  (Ragq
GndofthcnormllmcnPLl
R
;“!—l\l" l
\vg‘d \ 3i~ = a=}

@ [or=[1204x48) 7 &

= 1=6(4x+8) + K

Subst P12, 14) gives, K = - 10
equation of curve:  y=6,(4x+8) -10

§2. () Volume of the cubord = 3x%h =

= 3rh=288 = h:ﬁ~
x°
A=6x +8xh
. (%),
=6rc§r1§f=6x‘ L
\ "/ x
dd 768
@ —=12x-—=0 = =64 = x=4
dx x°
5 768
" Stationary value of 4 = 6(4) ~—4—=288
d*4 .
At x=4, ——=36 >0, .. Minimum
dr?
N 27
83. (i) At x=2, grad t'(.rl:Z(Z)—sz
, 2 2
grad. of normal = - —
Equation of normal: 7) +2x =46
(i) If'u;m:j":p;,;m
\\ ".-
> 2
= f(x)=x"+—+KA
X
Subst. P(2, 6) gives, K =1
, 2
flx)y=x"+—+1
X
5
(i) f'(x)=2x-—=0 —= r=|
,r‘
(1) =06, Minimum

4
f“(X)=2+—3,
X

sa.) o2

dr  (3-2x)

- A —
dy
dr 04
(i) Atpomt 4. -d7=0.l5 and py
dy 04
using chain rule. &—:6—"?
M _04 3223
(3-2¢)* 015
= x=0ot x=3
55 %—"1 +2ax+b
X
The curve has no stationary point.
= b'-4dac<0

= (2a) -403)b)<0 = a < 3b
(i) y=x —6x" +9x
. o dy <0
y 15 a decreasing function if E;

& 32 -12x49<0 = (x-3)x-h<0

l<x<3
56. (i) At x=2, g-—',V-=—l, . Maximum point.
\'
i L4 24x7 —4) dx
@ | (dx) J
—L=—4x+C
2

dy

— =0 h ,=2, $C=ll
ax wnen x

(iii) Integrating both sides of the gradient

[av=] 2 g
xX°

12 5
= y=—-2x"+llx+K
X
Subst. (1, 13) gives K =-8,
12 >
y=—-2x +11x-8
A

¢q. of curve:

Subst. x=2, gives y =12, P2, 12)

i 4
At x=3, f (3):-3- © Minimum

(i) () :j Jox dv = ()= -18x P+ K
f'(x) =0 when x=3, = K=
() = -18x 7 42

Also, £(x) = [ (<18x * +2) d

= ((0)=18x"+2x+C

Subst. (3. 7) gives, C = -5

. 8
Hx)=—+2yv -5
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dy 14 _ 5 . 3 o 7 (iii)!"”"""—'U-”:"(””,=0 .
. E;=—3-x(7x‘4l) L atx=3 507 . ‘ | |
— g(-3)=—"7T— - —
fl)_'____q«f_,,j‘i = 7 units/ minuic. g 341 (=341} P
& & & ! . 3 ;
2 : stationary point 1s | -3, - — |
§9. (i) Subst. x=p 010 y=2x" gives op. 207 3
arca A= Lipetn2ph=p 2P P
.4:—2—([”2)( P 63. J’f'(x.dxsjf)x —-,r)d_x
d4 f(x)=x -7x+C
d-“_ 2 =2 = =20 =
@ ;-W e dp Subst. (3, 5) gIves. C=-I
_(‘_I_A____g‘_d’r =04 unitspcrsecond- f(x)=x3—-7x—l
dt dp dr ’
dy 8 ., dy 16
. 4. i —_— =m0 T & — ="
60-® %x’—:}r*sz 64 dx x* d? 1
2 dy 8
dy 3 2 _ ody 8 o .
At x=0, I’x‘-=o, and y=0°+p(0)" =0 (i) — J(:+2 0 > x==+2
chce.onginisastalionarypoint. N }*:—%;2(2;-_-8
Also Y 3 i2px=0 = x=~—2£ 28
' & 3 3 A[x=—2, ,1'=‘_2""2(—2J:_8
2 2pa 4P -
) y:(——5£)3+p(—7) 7 . stationary points are (2, 8) and (-2, -§
. 2p 4p° d?y _ o
. . i At x=2, —==2, - (2. 8)1s Minimem
 Other stationary point1s, ( 3 27 =
d’ )
dy is Mini Atx=-2, —>=-2, -~ (-2.-B)isMn
(i) At x=0. —=2p, (0, 0) is Minimum. dx”
dx-

2 dly 65. () In AGHE. A<T3& - B
3 dx tan30°=6§ W
) 3
| __”-35, %J is Maximum. = GH=3h £
V = area of AGEK x length of tank
- _d_}’__3 2 2 | = — A
(iii) = X +2px+p :—;(2\3/3'!n;x40=(40\‘3)h'
The curve has no stationary point, v B ar
= b’ -4ac<0 (i) —=(80V3)h, when h=5, —-= 3
- ] .
= (2p)-40)p)<0 = 0<p<3 dv dv  dh dh 1 ]
—_— e X —— =3 — = cms

61. u:2x(y-x) ...... (l), x+3y=12 ...... (2) dr dh ds dr :\:‘

Solving simultaneously gives, u =8X—‘§-I2 66. (i) f’(_r)zj 12x° dx = _—6;,}(
du , 16 .
Ir-=8———x—0 = x== f'(x)=0 at x=2, = K=%
. stationary value of u =8(-:i)—§(3)2 =6 f'(x)=- 6, !
27 32 X 2
TR 6,3
P now, £(x)= [ | _}7% ar = 2e3xeC
(x+1] ~ -
o x+D)° (x+1) Subst. (2, 10) gives, C =4
(i) f'(x)<0, .. fisadecreasing function. () 6,3 4
- =TS

X A

i A BB D L i

ERNRBRPR————
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(i) f(t)~-—6-

ulw

=0 = xX=%

-~
-

-

when x=-2, {(._1):.5’_‘%._2)-.4:-2

Other stationary point is (-2, -2)

<

» e "~ 3
(i) (2)=5. (2, 10) 1s minimum

f7(-2)=-

ra e

©(=2,-2) 1s maximum.

=2
=<4

d .
67. () At A4, 6), o1l
dx :

a 2x3 =6 units ' minute.

1 |
@ [dv=[0+20 Har = yoyiazag
Subst. (4, 6) gives, K = -6

, L
- equation of curve:  y=x+4x? -6

(i) Equation of AB: y=2x-2
Subst. ¥ =0 gives point B(l, 0)
Equation of AC: 2y+x=16
Subst. y =0 gives point C(16, 0)

Area of AABC :%x15x6=45 units?

68. () At x=0 9:?—8(0+4)"12=_
C L 2
dy dy dx ,
—=—x— == 0 = -U. 1
& d.rxdl x0.3 =-0.6 units/s

(ii) j‘d,\‘=J‘(2—8(3x+4)_% ]dr

16 1
= y=...r—?(3x+4)~ +K

Subst. (0. %) gives, K =12

1

. equation : ‘=2x—1—:)-(3.r+4)3+12

69. (i) Total perimeter of fencing = 480
240 -6x
S

= 12x+10y =480 = =

Area, A =8xy
[ 240 - 6x

J 3841 -9 6x°

i) Y 384192020 >
dx

x =20

240 -6(20)

b
Dimensions are 20m by 24 m.

=24

d'y 16
0. (D) 9‘_=_8,#2. -—’;""T
X X do X
3 ‘3
2 I dx
I\ dl-J. . )
-J‘if_‘}. 32+ 4x ]d‘
kr“
:—'6—4'+32.(*‘4'“*K
X ]
. dy 8 5 =+2
_ - — ‘.—0 = X
@ dx Tt

. point Mis (2.8)

8 _
Forx<0, x=-2, = y=:§+2(—2)= 8
stationary point for x <0 1s (-2, -8
d""z ~2(<0), - (-2, =8)is maximum.
dy?

(iii) vOlume=nj']' 3y dx

N 2
:ﬂ'j (§—+2x) dx
1 X
=”[_ﬁ+32”4 J] ’2‘29"
X 1 3

1
1. %:8—2(2x—l)’2=0 = (x-h=t

3 1
xX==, or x=—
4 4
30 d .
At x=—, i}=64, . Minimum
47
I
At x==, “2-_64 - Maximum
47 4
d L
72. y—Zx S5x?+3
dx
Gi dx ( dy] dy
iven, —=—| —| = — =
de 2\ dr) dx
5
20x-5x24+5=2 = 2¢-5¢243=0
] ! 9
= (v D2x7 =3 = v=] oy = —
4
| [

) |
T3.0) 32 —2v 2 - Jx+x? -2=0
I

|
2RO - =0 o y=2
9



AL Mathematics (P1)

t 1 1 i

G fo)= | (3x7 -2x Hdx = 2x2 —4x2+C

Subst. (4, 10) gives, C =2

1 1
f(x)=2x? —4x7 42
) )
4 2 242 =—
Al x == i =2(8) -4(3) +2 Y
2

y-coordinate of 4 =-—

27

dy | 9
74. (i) - - -+ 3
dr  (x-1) (x-9)°

Atx =3, %=2. .. grad. of normal = -

1o —

Equation of norrmal: 2y+x=13
Subst. y =0, into this eq. gives, x =13
1 9
(i) D .- ~+ - =
dx (x=1)" (x=95)

= ¥ -x-2=0 = x=2, x=-1

dly 2 18
-t (-8
At x =2, d":=§, o Minimum
At x=-1, 9——2'=—l, . Maximum
dx 6
dy 6
78. L= —
>0 dx (2:—]):

(ii) Since the gradient is always negative, thus
the curve has no stationary points.

(iii) Subst. x = 2, into eq. of curve gives, P(2,3)

dy 2 3
1 =2‘ —_— == . —=
at x 3 = grad. of normal 5
eq. of normal : y—3=—3(x—2) = y:—-;x

Subst. x =0, gives y=0.
the normal passes through the origin.
dy 2

I t :2 e s
(iv) At x C L 3

dy _dy de 2 B .
5 = ds x T 3x 0.06 = 0.04 units/s

Topic 9 -Answers W

7é6. f’(t):B(:—-hx—Q)O
- ¢ -2x-3>0 = (x+Dx-3)>p
= x<-1, x>3

least possible valueof n=3

}

i) When a’ .3
77. () x=a. 473

. 3 2 s
Equation: v-3=-S(x-a") = ;.23
a- 1
a

Subst. (az’ 3) gives, K =1

1
o 4 5 -
equation: y =X -2ax ?+

9 =

(iii) Subst. (16, 8) into equation of curve, gives,
a’+14a-32=0 = (a+16)a-2)=0
= a=2

A(4, 3), B(16, 8), |ABl=13 units.
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‘ — B
ss A pomt P travels along the curve v =(7x' 4 D' in such 8 way that the r-coordinate of P at

61.

62.

nme ¢ MINUICS IS INCTEasing at a constant rate of § units per minute. Find the rate of increase of
the v-coordmate of P at the instant when P is at the pomt (3. 4)
[N14/P13/Q10b)]

The diagram shows the curve v = 2 and the ‘
pomts X(-2, 0) and P(p, 0). The point Q lies
on the curve and PQ) s parallel to the y-axis. y =20

(i Express the arca. 4. of tnangle XPQ in
terms of p

The point P moves along the x-axis at a con- Q
stant rate of 0.02 units per second and Q moves
along the curve so that PQ remains parallel to
the y-axis

(i) Find the rate at which 4 s increasing X230 5 r 0—») x

when p =2

[J15/P11/Q2]

. . 3 2 . ..
. The equation of a curve is v =x" + px~, where p is a positive constant.

(i) Show that the origin is a stationary point on the curve and find the coordinates of the other
stationary point in terms of p.
(i) Find the nature of cach of the stationary points.

) )
Another curve has cquation y =X+ px” + px.

(iii) Find the set of values of p for which this curve has no stationary points. [J15/P11/Q9]

Variables u, x and y arc such that u = 2x(y - x) and x + 3y =12. Express u in terms of x and hence

find the stationary value of u.
[J15/P12/Q4]

. : . I | .
The function f is defined by f(x)= + — for x> -1
x+1 (v + l)‘

(i) Find {'(x).

(i) State, with a reason, whether f is an increasing function, a decreasing function or neither.

. . . : I | ,
Ihe function g is defined by g(x)=——+——— forx< L
x+l (x+l)
(iii) Find the coordinates of the stationary point on the curve y = g(x). [J15/P13/Q8]

63. The function f is such that '(x)=3x" -7 and f(3)=5. Find f(x). [NIS/P11/Q2)
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8
64. A curve has equation y = —+ 2x
b |

d b4
() Find & ang 92
dr
(ii) Find the coordinates of the stationary points and state,
stationary point

with a reason. the nature of cach
[NIS/PI} 0s)

dx*

6S.

Fig. 1 Fig. 2

Fig | shows an open tank in the shape of a triangular prism. The vertical ends ABE and DCF are
identical 1sosceles triangles. Angle ABE = angle BAE =30°. The length of 4D 1s 40 cm. The tank is
fixed in position with the open top ABCD horizontal. Water is poured into the tank at a constant rate

of 200 cm’s ', The depth of water, 1 seconds after filling starts, is 4 cm (see Fig. 2).

(i) Show that, when the depth of water in the tank is 4 cm, the volume, ¥ cm?, of water in the tank

iIs given by J = (40\/’3)/::.

(i) Find the rate at which / 1s increasing when 4 = 5. [NI5/P12/Q3]
Bl
66. The curve y=f(x) has a stationary point at (2, 10) and it is given that " (x) = .
18
(i) Find flx).
(i) Find the coordinates of the other stationary point.
[N15/P12/Q9]

(iii) Find the nature of cach of the stationary points.

: ‘ d A
67. A curve passes through the point A (4, 6) and is such that I‘L: L+2v * A pomnt P is moving along
(184

the curve in such a way that the x-coordinate of P is Increasing at a constant rate of 3 units per

minute.

(i) Find the rate at which the y-coordinate of P is increasing when P is at A

(if) Find the equation of the curve.

(iii) The tangent to the curve at A crosses the x-axis at £ and the normal to the curve
the x-axis at C. Find the area of triangle 4B8C.

at A crosses

[N15/P13/QY]
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Integration

Topic 10 /ntegration iw

7. A curve is such that dy

2z___ 4
dx (6-2x) and P(1, 8) is a point on the curve.
() The normal to the curve .
nates of the mj d-point of“Qt;f point P meets the coordinate axes at Q and at R. Find the coordi-
() Find the cquation of the cyrve,

[JO6/P12/Q9)

8. The diagram shows the curve y= x(x=1)(x~2), which {

crosses the x-axis at the points O(0, 0), A(1, 0) and B(2, 0).
() The tangents to the curve at the points 4 and B
meet at the point C. Find the x-coordinate of C.

(i) Show by integration that the area of the shaded
region R,

is the same as the area of the shaded
region R,.

[NO6/P12/Q7]

1
9. The diagram shows the curve y =3x*. The shaded

region is bounded by the curve, the x-axis and the
lines x =1 and x = 4. Find the volume of the solid
obtained when this shaded region is rotated
completely about the x-axis, giving your answer in
terms of .

[J07/P12/Q2]

10. Find the area of the region enclosed by the curve y=2x, the xaxis and the lines x= 1 and x=4.

[NO7/P12/Q2]

11. A curve is such that EX= 4 — x and the point P(2, 9) lies on the curve. The normal to the curve at P
’ dx

meets the curve again at Q. Find
() the equation of the curve,
(i) the equation of the normal to the curve at P,

NO7/P12/Q9]
(iii) the coordinates of Q. [
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12

13.

14.

15.

The diagram shows a curve for which \
L
& r

e
passes through the points (1. 18) and (4, 3)

(0 Show, by inicgration, that the equation of

where & is a constant. The curve

the curve 1s r=l—?-¢2
x

The pomnt P lies on the curve and has

x-coordinate | 6
(ii) Find the area of the shaded region.

[J08/P12/Q9]

The diagram shows the curve y = /(3x + 1) and the points

A0, 1) and Q(1, 2) on the curve. The shaded region is

bounded by the curve, the y-axis and the line y = 2.

() Find the area of the shaded region.

(ii) Find the volume obtained when the shaded
region is rotated through 360° about the x-axis.

Tangents are drawn to the curve at the points P

and Q.

(iii) Find the acute angle, in degrees correct to |
decimal place, between the two tangents.

[NO&/P12/09]

The diagram shows part of the curve y=3 62.
I.._

(i) Find the gradient of the curve at the point where
x=2
(i) Find the volume obtained when the shaded region
is rotated through 360° about the x-axis, giving
your answer in terms of x.
[J09/P12/09]

The equation of a curve is y = x* + 4x + 9.

(f) ll:md the coordinates of .lhc stationary point on the curve and determine its nature.
(ii) Find the area of the region enclosed by the curve, the x-axis and the lines x =0 and x = |.

[NO9/P11Q4]
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17.

19.

20.

21.

\“ , Topic 10 Integration @)

(® Given that the tan en
the value of k. BN 10 the curve at the points where x =

2 and x = 3 are perpendicular, find
(i) Given

also that the
curve passes through the point (4, 9), find the equation of the curve.
[NO9/P11/Q6]

The equation of a curve | d 3
¢ is such thay & _ T-x. Given that the curve passes through the point
X

, . dx
(4, 6), find the equation of the curye [N09/P12/Q1]

The function f is such that f(x) = 3

P for xe R, x # -2.5.
A curve has the equation y="f(x

. ). Find the volume obtained when the region bounded by the curve,
the coordinate axes and the line

X =2 is rotated through 360° about the x-axis.
[NO9/P12/Q8 (iii)]

y
. t y=6x-x*
The dxagram shows the curve y = 6x — x2 and the line
y=35. Find the area of the shaded region. bt
- y=5
[J10/P11/Q4] : }
l |
L b
0 > x
; dy 1 . :
A curve is such that el 3x2 -6 and the point (9, 2) lies on the curve.
(i) Find the equation of the curve.
(i) Find the x-coordinate of the stationary point on the curve and determine the nature of the
stationary point. [J10/P11/Q6]
y
A
The diagram shows part of the curve y=%, where a is
a positive constant. Given that the volume obtained
when the shaded region is rotated through 360° about
the x-axis is 247, find the value of a.
[J10/P12/Q2]
0 1 - v‘3 —p» X
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A —— .t

y®(x-2)

22. The diagram shows the curve y=(x~2)" and
the line y+2x=7, which intersect at points A

and B. Find the area of the shaded region.
[J10/P12/Q9]

d 6 , ,
23. The equation of a curve is such that -d.)i = R Given that the curve passes through the point

P(2,11), find

(i) the equation of the normal to the curve at P,
(i) the equation of the curve. [J10/P13/Qs]

24. The diagram shows part of the curve y= x+—x— y=x+d

which has a minimum point at M. The line y =5
intersects the curve at the points 4 and B. p
AN -

(i) Find the coordinates of A, B and M.

(ij) Find the volume obtained when the shaded
region is rotated through 360° about the
x-axis.

» X

[J10/P13/Q9]

=

2
. 1
25. Find I(X+;J dx. [N10/P11RQ1]

26. The equation of a curve is y=2—.
-X

. ) dy
Find an expression for — i i :
(i) p or p and determine, with a reason, whether the curve has any stationary
points.

(ii) Find the volume obtained when the region bounded b ; .
line x = 1 is rotated through 360° about the x-axis, ¥ the curve, the coordinate axes and the

(iii) Fiqd the set of values of k for which the line y = x + & intersects the curve at two distinct
points. )
N10/P1QN]

1
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‘_\ Topic 10 Integration (5 )

17. The diagram shoyg PaIt of the curye

29.

30.

31.

y
1 A
)Y=\|. The cmve c‘m »
(3x+1)s the y-axis at 4 X
and the line x = § at 8.

() Show that the €quation of the |ine AB

is }’=—%x+l,

(i) Find the volume obtajn

asses through (1, 3), find flx). [N10/P13/Q6]

The diagram shows parts of the curves

y
A
y=9-x*and y =% and their points of
X
intersection P and Q. The x-coordinates of P
and Q are g and b respectively,
() Show that x =g and x = b are roots of the
equation x8 - 9x3 + 8 = 0. Solve this
equation and hence state the value of @ and
the value of 5.
(i) Find the area of the shaded region between 3
the two curves. =3
(iii) The tangents to the two curves at x = ¢ 0 X

(where a < ¢ < b) are parallel to each other.
Find the value of c. [N10/P13/Q11)

() Sketch the curve y = (x - 2)%

(i) The region enclosed by the curve, the x-axis and the y-axis is rotated through 360° about the
x-axis. Find the volume obtained, giving your answer in terms of n.

() Find the equation of the curve.

(i) Find the set of values of x for which the gradient of the curve is less than % [J11/P11/Q7)
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32. Find J'(,J ,\%)d,,

33. The diagram shows part of the curve y

)'=4J;—x. The curve has a maximum
point at A and meets the x-axis at O
and 4.
() Find the coordinates of 4 and M.
(ii) Find the volume obtained when
the shaded region is rotated through
360° about the x-axis, giving your
answer in terms of r )

S

[J11/P12/Q11]

270 +5

X

34. (a) Differentiate with respect to x.

|
(b) Find I(3x—2)5dx and hence find the value of a .[o (3x-2)* dx.

dy

Topic 10 Integratiop | f‘

—2\8) 7

1Py,

M

[J11/P13/Q4)

5
35. A curve is such that ™ =—=-1 and P(9, 5) is a point on the curve.

Jx

(i) Find the equation of the curve.

(i) Find the coordinates of the stationary point on the curve.

2

5

. . d ; . .
(iii) Find an expression for d.x_y and determine the nature of the stationary point.

(iv) The normal to the curve at P makes an angle of tan™! k with the positive x-axis. Find the value

of k.

36. A function f is defined for x €R and is such that f'

by f(x)2> 4.

[J11/P13/Q9)

(x)=2x-6. The range of the function is given

() State the value of x for which f(x) has a stationary valuye.

(i) Find an expression for f(x) in terms of x.

37. The equation of a curve is y=\/(8x—x2). Find

. . dy
(i) an expression for =
: dx

(ii) the volume obtained when the region bounded by the curve and the
x-

360° about the x-axis.

and the coordinates of the Stationary

[N11/P11/Q4]

point on the curve,

axis is rotated through
[N11/P12/8]
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y=V(1+2x)

A |o

» X

The diagram shows the curve y =41+ 2x meeting the x-axis at A and the y-axis at B.

The y-coordinate of the point C on the curve is 3.

() Find the coordinates of B and C.

(i) Find the equation of the normal to the curve at C.

(iii) Find the volume obtained when the shaded region is rotated through 360° about the y-axis

39. The diagram shows the line y =x + 1 and the
curve y =+ x+1, meeting at (-1, 0) and (0, 1).

() Find the area of the shaded region.

(i) Find the volume obtained when the
shaded region is rotated through 360°
about the y-axis.

[N11/P13/Q10]

40. The diagram shows the line y =1 and part of
2

the = .
curvey\/x—T

2
() Show that the equation y = \/__l can
X+

4
be written in the form x=—2—l‘

[N11/P11/Q10]
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(i) Find J‘(iz-—l] dy. Hence find the area of the shaded region.
y

(iii) The shaded region is rotated through 360° about the y-axis. Find the exact value of the volume
[Jl)/P”/Q”]

of revolution obtained.

41. The diagram shows the region enclosed by the curve

y=T6_3- the x-axis and the lines x = 2 and x = 3. Find, By

4 in terms of =, the volume obtained when this region is

rotated through 360° about the x-axis.
[J12/P12/Q1]

»

—» X

<

42. The diagram shows part of the curve

y=-x* +8x-10 which passes through the
i points 4 and B. The curve has a maximum point
at A and the gradient of the line BA is 2.

(i) Find the coordinates of 4 and B.

(ii) Find I y dx and hence evaluate the

area of the shaded region.
3 [J12/P12/Q9]

43. The diagram shows part of the curve

x= —82-—2, crossing the y-axis at the
y

point A. The point B(6, 1) lies on the
curve. The shaded region is bounded
by the curve, the y-axis and the line
y = 1. Find the exact volume obtained
when this shaded region is rotated

: through 360° about the y-axis.

[J12/p139s) 9
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4.

45.

47.

48

(o)

e

Topic 10 Integration

2

. dly
curve is such that =2 .
A do? ~4x. The curve has a maximum point at (2, 12)

@ Find the equation of the curve.

A point P moves along the curve in such a way that the x-coordinat

second.

(i) Find the rate at which the y-coordinate is changing when x = 3, stating W

is increasing or decreasing.

x)

, dy 8
A curve is such that A -—~1 and the point (2, 4) lies on the curve.

curve.

The diagram shows the curve )* =2x -1 and
the straight line 3y = 2x — 1. The curve and

straight line intersect at x =J2- and x = a, where

a is a constant.
@) Show thata=35.
(ii) Find, showing all necessary working, the
area of the shaded region.
[N12/P11/Q8]

The diagram shows part of the curve y= 5
X+

the y-axis a

the y-axis at C.

(i) Find the equation of the tangent (0 the curve at A.
king, whether

(i) Determine, showing all necessary wor
C is nearer to B or to O.
(iii) Find, showing all necessary working, the exact

, crossin
3 g y

t the point B(0, 3). The point A on the curve has
coordinates (3, 1) and the tangent to the curve at A crosses

¢ is increasing at 0.05 units per

hether the y-coordinate
[J12/P1 3/09]

equation of the
[N12/P11/Q2]

Find the

volume obtained when the shaded region is rotated

through 360° about the x-axis.

ith equation
t on the curve ha
¢ of the maxi

The diagram shows the curve W
y=x(x - 2)>. The minimum poin
coordinates (a, 0) and the x-coordinat

mum point is b, where @ and b are constants.

(i) State the value of a.

[N12/P12/09]

y = x(x - 2):

(ii) Find the value of b.
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49.

S1.

52.

53.

Topic 10 IMM io\

(&)Fmduxmormeshmm.

(™) The gradient, % of the curve has a minimum value m Find the value of m.

T'hediammsbowsputofmenm,\--(r~2)‘md
the point 4(1, 1) on the curve. The tangent at 4 cuts
ﬂxex-uixnﬂmdmenonmlnAcuuthe)uxian

() Find the coordinates of B and C.

(i) Find the distance 4C, gIVIng your answer in

7

d:cform—;-, where a and b are integers.

(ii) Find the area of the shaded region.

[J13/P11/Q10)

— 0

INLPI3g 1

C y=(x-2
—1 /
(@] =

B\

A curve is such that g-;— =-6—2 and (2, 9) is a point on the curve. Find the equation of the curve.
X

[J13/P12Q))

A curve is such that :x—‘ =V2x+5 and (2, 5) is a point on the curve. Find the equation of the curve,

8
The diagram shows part of the curve y=

X and points

A(1, 7) and B(4, 0) which lie on the curve. The tangent to the
curve at B intersects the line x = | at the point C.

(i) Find the coordinates of C.
(i) Find the area of the shaded region.

The diagram shows the curve
Y =1(3 - 2x)’ and the tangent to the

curve at the point (%, 8).

(i) Find the equation of this tangent,
giving your answer in the form
y=mx+c.

(i) Find the area of the shaded region.

[NI3/P11/Q10]

[J13/P13/Q11]

[J1 3/P13/’Ql]

.

L}
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54,

55.

58.

—_— Topic 10 Integration (11)

The equation of a curve ig y:Tz_
' . Sx-6
) Fmdthegmdlemofthecmveuﬂnpoimwherex'l

: 2
(i) Find I 731_-—6 dx and hence evaluate I) [N13/P12/Q3]
2

2
dx.
JS:-—6

The diagram shows part of the curve y= LR 2x and
. X

three points A, B and C on the curve with

x-coordinates 1, 2 and § respectively.

M A pqint P moves along the curve in such a way
that its x-c.oordinntc increases at a constant rate
:;:' 0.04 u:;ts per second. Find the rate at which
e y-coordinate of P is changing as P
through 4. e e
(i) Finfi m; volume obtained when the shaded
region is rotated through 360° about the x-axis.
[N13/P12/Q9]

> <

. 23
A curve has equation y = f(x). It is given that f'(x)=x 2 +1 and that f{4) =5. Find f(x).
[N13/P13/Q2]

The diagram shows the curve y=vx'+4x+4.

() Find the equation of the tangent
to the curve at the point (0, 2).
(i) Show that the x-coordinates of the
y=y(x*+4x+4)

points of intersection of the line
y=x+2 and the curve are given

by the equation
(x+ 2)2 =x* +4x+4. Hence find

these x-coordinates.

(iii) The region shaded in the diagram | 0
is rotated through 360° about the
x-axis. Find the volume of revolution.

[NI3/P13/Q11]

A line has equation y = 2x + ¢ and a curve has equation y=8—2x-.r2.

(i) For the case where the line is a tangent to the curve, find the value of the constant c.

find the x-coordinates of the points of intersection of the line and the

(i) For the case where ¢ = 11, _ ‘
curve. Find also, by integration, the area of the region between the line and the curve.
[J14/P11/Q11]
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' ’: . rven that the curve has a minimum pOiﬂl at
§9. The , of a curve is such that —_—= 2x -1 Gi
equaton of a B

(3, ~10). find the coordinates of the maximum point.

60. The diagram shows part of the curve y=8-(4-1)
and the tangent to the curve at P(3, 7).

dy
@ Find expressions for a:tﬂd[‘ dr

(i) Find the equation of the tangent to the curve at P
m the form y=mx+cC

(iii) Find, showing all necessary working, the area of
the shaded region.
[J14/P12/Q9]

61. The diagram shows the curve y=-x" +12x-20 and

the line y = 2x + |. Find, showing all necessary
working, the area of the shaded region. [JI4/P13/Q10]

62. The diagram shows part of the curve y=x’ +1. Find
the volume obtained when the shaded region is rotated
through 360° about the y-axis.

[NI14/P12/Q1]

[J14/P1 21y

(0. 1)

0



o e diagram shows parts of the curves

podn ol)g and v = § ' +1 intersecting at

Wao.nmq:. 3). The angle between
mwmﬂ\emscununou a

@ Find @ giving your answer in degrees
correct to Y significant figures.

(0 Find by integration the area of the shaded

region

INI4/PLLIRQII]

~ Topic 10 Integration 13 )

0

¢4. The diagram shows parts of the graphs of

y=x+2 and y =3\ x intersecung at pownts 4 and B.

() Write down an equation satisfied by the x-coordinates
of A and B. Solve this equation and hence find the
coordinates of 4 and B.

(i) Find by integration the arca of the shaded region.

[N14/P13/Q9]

8

6. The diagram shows part of the curve y = ——J;==
3x+4)

The curve intersects the y-axis at A0, 4). The normal to
the curve at A intersects the line x =4 at the point B.

() Find the coordinates of B.

(i) Show, with all necessary working, that the areas

of the regions marked

P and Q are equal.

[J15/P11/Q10]

» X
0 » X
y
B
A\ 0 =4
(0, 4)
3 8
ARNVETEEN)
P
» \
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curve v = flx). Find ﬂt)
66. 35 and (3, 5) is 8 point on the '
The function f is such that f(x)=5-2x" and (3, 5) is & PO [15P12gy),

4

x-1

( Find, showing all necessary working, the volume
Curve, the x-axis and the lines x = 1 and x = 2 18 roia b

(i) Given that the line 2y = x is a normal to the curve, find the possi

constant ¢, [15/P12R )

67. mequﬁonofa curve is y =

" -“dmthercgionboundedbyun
'“‘ thm“sh 3w° Iboul lhc "uis‘
le values of the

68. A curve is such that & - (22+1)? and the point (4, 7) lies on the curve. Find the equation of
dx
[-”5/PI3/Q3]

the curve,

69. Points 4(2, 9) and B(3, 0) lic on the

curve y =9 + 6x - 3x?, as shown in

the diagram. The tangent at A inter-

sects the x-axis at C. Showing all

necessary working,

() find the equation of the
tangent AC and hence y=9+6x-3¢
find the x-coordinate
of C,

(ii) find the area of the shaded
region ABC. /

[J15/P13/Q10]

1
70. The diagram shows part of the curve y = (1+4x)2
and a point P (6, 5) lying on the curve. The line

PQ intersects the x-axis at O(8, 0).

(i) Show that PQ is a normal to the curve.

(i) Find, showing all necessary working, the
exact volume of revolution obtained when
the shaded region is rotated through 360° /
about the x-axis. 0

[In part (ii) you may find it useful to apply the fact that the volume, ¥, of a cone of base radius r

and vertical height A, is given by y =%,"2;,]_ [NIS/PLAQI
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f , i
wd‘m‘v’smo t’hccuxve }=(x34l)2m
87, p(2,3) lying on the curve F;

[ Wd, working, the volume Obtained

\ the
egion rotated through
w : 360° abour the x-axis

[916/P13/0;)

L —

. dy
‘A‘" is such that :ix}.z 6x’ + :3 and passes through the point P (1,9). The gradient of the curve
 gPis 2
. Find the value of the constant k.
& W Find the equation of the curve,

[J16/P13/Q3]
| y
, A
e diagram shows parts of the curves y=Q2x-1)? 1
% . y=(2x-1)
’2 =1-2x, intersecting at points 4 and B. & B
the coordinates of A.
showing all necessary working, the area of the \
shaded region. : >
i [N16/P11/Q7] 0 A o
y=1-2
/]
: dy__8 int (2, 5) li he curve. Find th ion of the curv
L A curve is such that —= = T— The point (2, 5) lies on the curve. Find the equation of the curve.
3l dx dx+1

[N16/P12:Q1]

P i
i "-d- RESet

A curve has equation y=(kx-3)" +(kx-3), where k is a non-zero constant.

(i) Find the x-coordinates of the stationary points y
in terms of k, and determine the nature of each )
stationary point, justifying your answers.

(ii) The diagram shows part of the curve for‘ the case
when k = 1. Showing all necessary working, find
the volume obtained when the region between the
curve, the x-axis, the y-axis and the line x = 2,
shown shaded in the diagram, is rotated through

160° about the x-axis. [N16/P13/Q11)
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.

74.

The diagram shows part of the curve

——

¥=yO-2x') The pomt P (2 1) lies on
e curve and the normal 1o the curve at P
mtersects the raxis at 4 and the paxis &t B
@ Show that B is the oud-point of 4AP.
The shaded regron s bounded by the curve,
the vaxis and the line y = |

() Find showmng all necessary working,
the exact volume obtained when the
shaded reghon 15 rotated through 360°

about the y-axis.

[N15/P12/Q10]

The function f is defined by f(x)=2x+(x+1)7 for x>1.
@ Fmnd ('(x)and f"(x) and hence venify
that the function f has a minimum value .
atx=0 A2 T
, e TB(1. 24
The pounts A(-{-. 3) and B(l, 2-}) lie on the Rl / (1.23)
carve y=2x+(x+1)7, as shown in the
daagram
(i) Find the distance A8
(i) Find, showing all necessary working, the area of the shaded region. [N15/P13/Q10)

y=2x+(x+1)?

» X

The diagram shows part of the curve ;

xs-'-f--z. The shaded region is N

¥y
bounded by the curve, the j-axis and
the lines y = | and y = 2. Showing all I
necessary working, find the volume,
in terms of x, when this shaded X
region is rotated through 360° about

LSIICoeT.l

the y-axis
[J16/P11/Q3)
A curve is such that d = § = Given that the curve passes through (2, 7), find the equation of
dr  (5-2x)
[J16/P12/Q2]

the curve.
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—— ANSWERS

o’

. @ Equation of normal at P x+2y=17
sabst ¥ =0, gives, 0017, )

sabst 1=0, gives, B(0, %,
: . _ 17 17
gd-po-ofgx-‘T 2
@ [o=46-27 &
= y=—46-2x+K
Sabst. PIL, §) gives, K =16
equation s y=16-4y6-2x

£ @ r=r -3 o Fosdoge
i p _
y dv
At AL 0), Z=-1 A B(20) ==2
eq oftangentat A: y=-x+1----(i)
m‘ Ofmg:::!ll B }'—':X—-’» (ll)

5
solving simuitanecusly, r-coordinate of C 5 x = 3

1 4
9, Volume =7y dr
' !

¢ o
=,;J' (3x4)? dx =427 units’
|

3
: 4 4| 2 |
: = —| x? = 9— units”
10. m,jzﬁdx 3[ }l 3
J 1

2

x
_f((4-x)dx = y=4x-—+K
. @ Jo=]e Y 2

Subst. P(2, 9) gives, K =3

2

. e g, X
cquation of curve is:  y =4x 3 +3

1
@ AP, i-"-:z = grad of sormal = -3
equation of normal - 2y+x=20

£
(iii) Equation of curve: y=4x-—+3
20-x
Eguation of normal: y =—
Sol\mgsmﬂmeanlymx=2md x=7
whenx=7, _v=—22i=6.5. - O, 69)

-
-

12. () Id_v:—ij”dx = _)'=:%«»C

Subst. (1, 18) gives, k=36-2C - 0]
Subst. (4, 3) gives, %6 = £+32C (1)
solving simultaneously gives, C = 2and k=32
16
equation of the curve is: ¥y =—+ 2

X

u: 6 )
(i) Shadedarm:J‘a—.-o-tdx
i K.t‘ ),

R1K
ri |

-_—+2x

X

= 7.2 units®

13. () Areaunder the curve PO = I V3x+1 &x
0
- N -‘:
20, = 14 3
=—{(3x+1)* | =— umss
9 9
Shaded area = area of rectangle

— area under PQ

14 )
= 3—? = 0.444 sq.units

| 1
(i) Volume =7 [ (2P dx-rx j (V3x+1)  dx
0 0

=41‘7[ II) -x[§+x}; =

-

7 units’

to | Lo
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L ——
(-.) ("i) %}-:%X%
'1, !
| g}/ =-§xo.mz=-o.o:sumw,e¢
| 47 B
/f/, - v +1) 1
/// 1. jm—]’(s:z-xdx:‘zg‘[;_,,“
Subst. (4, 6) gives, K =2
. ‘;g! o equation: y= x—%x2+2
e o | x

tl.nﬂ=:

-

dy 3
M ==
grad. of tangent at (1, 2): a3
g nnax—i- = a=369°
Angle 6 between the two tangents 1S
6=f-a =194°

dy -18 dy 9
14. ) —= —, atx=2, —=-—
® & (3x-2)° T a8
2/ \2
G v lumc=xI E | dx
D Vo 1\31—2,'
[re_ 1P
=367 X2 | ~9 unit
SEN

dy

ZL=4r +4=0 =-1

15. (i) = X
y=(-1)"+4(-1)+9=6,

=- i:‘—2=2 . munimum
at x L o 12,
1
(ii) Am=f(x‘v4xv9)d1
0
1!
=[—€-+2x:+9xj =11.2 unit”
S 0

E' &
1l
=~
|
(=)

16. (i) At x=2, g;—k 4, at x=3,

(k—4)k-6)=—
— k2 -10x+25=0 = k=5

(ii) Idy=I(5—21)dx = y=5x-xz+C
Subst. (4, 9) gives, C =5

" equation: y=S5r-x’+5

. st.point (-1, 6)

-
Py

18. Volume=/‘rI (3(2J¢'+5)"')z dx
0
2

= 94 (2x+5) 7 dx

19. When y=5, x*—6x+5=0 = x=lor x=5

5
Shaded area = I y dx —area of rectangle
5
=I (6x—-x2) dx-20

5
3
= [:lrz —%J -20= 372 $q.units
!

1 3
20. (i) jdy=f(3x2 —6)dx = y=2x}-61+K
Subst. (9, 2) gives, K =2

3
. equation of the curve: y=2x?-6x+2

(u) 3r-—6 0 » x=4

. Minimum
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32. Sotving simultancously, equyy
mnwﬂw\wawb-.,
ie r=~| and 3

SW“'I ((7 2x) ~(x - 2))4:

ofanemd

I (3+2x-2) 4y
(3“12‘7}‘-]0% unit?

d
3.0 Atx=2 a{’l .'.grad.ofnormglz—%
Equation of norrmyg - ly+x=15
|
(i) Id,\'njﬁ31~2)‘3dx

1
= y=403x-2)2 4k
Subst. (2, 11) gives, K =3

Yy=4J3x-2 43

. (i) Subst. y =5 ingo €q. of curve, gives,
A(l,S) and B(4, )

dy 4
a'lx'!—~;=0 = x=2

x2

M2, 9

equation :

For M,
4

=D y=2+—=4,
y ‘2

4 2
(i) Volume = x| 5% dx - n.“:wiJ dx

’ X

4

s L e T

=x|25de - x (.:hs«,l—?de
- x[25x }‘_x![‘—ﬂsx-&]‘
1 3 X
=757 - 57x = 182 units’
X)
28, j( ]‘”“T‘“"TC
26. (i) %'(2_91)2'
No stationary points as =0

(2-x)

| 2
9
(ii) V°‘“"‘°"’I (2-1) B
0

n L -ﬂ)r units’
2-x], 2

R

Topic 10 -Answers 3

e

() Subst ime imto curve, gives,
‘3,(}_2),-2}09'0
apply, Discrimunant > 0
> (k-2 -4-24+9)>0
= K +8k-32>0 > k<-8 k>4

27.(0) At x=0, y= r=l . 40D
0+Dn*
I | ) 1
At x=5 y= Ty B(S, -5)
(15+1)*
l
Equation of 48 y-la—l—o-(.t—O)

:—-I—I*l
RERAEET
s Y i
(ii) vm.:;:J' (—T%xﬂ)z—[(}xﬂ ‘J’ |dx
$ )

1
10 y 2
=n[—7(—-]16x+l) —3(3.”1)-]
0
11 .y
=— T units
12
8. f'(0)>0 = 3x24+2x-5>0

=S (x=-DGBx+5)>0 = .r<-2, x>

3
@) £(x) =[O +2x-5) d
= x4 xt -5r+ K
Subst. (1, 3) gives, X =6
fx)=x*+ 2 -5x+6
29. () Eliminating ¥, wehave, 9% = %—

= x* -9y +8=0 = (r —l)(x -8) =
= x=lorx=2 - a=1, b=

(i) Shaded area = J' .- (9-2) (8 )) de

‘ 2
4 9
= 9X-L+~] =— unit?
[ 4 le 4

(ili) Equating the gradients of both curves,

24 ]
-3¢’ T D X’ =8 = I=C=\/5
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6
30- m YA (b) I(}x—Z)Sdr= (31 2) +C
‘ ) 18
y=(x—2); 61 y
3} J"(Jx-zy-‘dm[(}"‘z) ] =-=
0 18 1, 2
2 35. (i) v=I 3—-1]@:4[—“1(
! Jx
14 Subst. P(9, 5) gives, K =2
equation of curve is:  y =4/x —x+2
— % d qz
0 1 2 3 4 X ii Y_ < 120 > x=4
: (i) & 4x
(i) \'oamzxf(x—z)‘dx y=4J4 -4+2=6, . st pointis (4,6)
0 2, 3
s (i) —==-x 2
=7 (x-2) =27l' unit53 de
s |, S d’y 1
At x=4, —=-- <0, .. Maximum,
dx? 8
M@ [or=[30+207& > y=o sk &1
i 2(1+2x) (iv) At x=9, a’;=—§, = grad. of normal =3
1) gi =
Subst. (1. 7) gives, K =1 3 = tanf=3 = OH=tan'3
. equation of the curve: y=- W20 +1 k=3 ;
| 36. (i) f'(x)=2x-6=0 = x=3
] <!
® T <3 (i) £(x)=[(2x-6) dx = ¥ ~6x+C
= 9<(1+2x)) = x*+x-2>0 Subst. (3, —4) gives, C=5§
= (x+2)x-1D)>0 = x<-2, x>1 f(x)=x> —6x+5
( _
32. IL:U-I—}de = l:c‘—L.‘,+K 37. (i) d__4-x
x 4 2x dx 8y — x2
33. (i) Subst. y =0, into curve, gives, A(16, 0) for stationary point, —4-1-=0 = x
For M, ¥-2 10 4 Bx-2 :
or M, —=—%-1=0 = x= :
dr Vx = y=\8(4)-(4)* =4, .. st point(4,4]
at x=4, y =4J4-4=4, - Mis (4, 4). (i) For x-intercepts, put y =0, into eq. of cu
16 5
(i) V=frI(4\/;—x)2dx = V8x-x" =0 = x=0, x=8 3
8 2 4
|°6 . Volumez;rj (\ISx—xz) dx
= 0 ,{
=;rI (16x-8x? +x*) dx s
0 =/r[4x2 —lxj] =8511t units®
16 3 3
=r 8):2—1—9:%4»:—3 -1368 it? 0
5 3, T i 38. () Subst. x=0, into eq. of curve, gives B(0, 1)
Subst. y =3, into eq. of curve, gives C(4, 3)
d(2r'+5) d . 1 1
34. (a) ——( J=— 2x? 4+ 5x7! (ii) m= CALC(4,3), m=—, = my =3
dx X dx( ) ’l+2x ( ) )1 m 3 N

=4x——§;

X

~ Eq.of normal: y+3x=15



ALW”(P‘)

/\;

!
2 .
i vohre = ={ 7,

2\
-‘I ()\'} dy
oy 2 i
Llv e 2, 4
==l —yS_ < 2
41[5}’ 37 "y} =T: units’
0
0

39, () Shaded area = I (\/l*l —(x+|))dx

[2 1 ’
=| —(x+1)2 ‘-xz-x] =1 i
3 2 . 6 unlu

|
@ Volume = ”Io O =1y (=1 dy

1
- 4 2
== 0'-3ri2y

- M s 3 2 l 1 3
= ;} Y +Y L =—x units
h 0 h)

.
WOy=—7= = ;2.4

4
Vx+] x+1 - x-y_:_l
/ \
;4 |
(K)I‘—:-l'ld_\=—i—)+[\'
Ly | )

Lower limit = | Upper limit =2

(iii) Volume = [ (—4— -l\i dy

-
-
"

(6 \
41. VolumC"'L(h_J &

3
=36xj (2x-3)7 dx
2

1
=-18
|5

X —

3
=127 unit®
3]2 uni
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42. (i) For point 4, %s—lnS-O = x=4

= y==(4) +8(4)-10=6 Ais (4, 6)
Eq. of BA, through A(4,6)is: y=2x-2

Solving simultaneously, eq. of curve and
eq. of B4, wehave, x=2 or x=4

put x =2 into B4, gives y=2 = Bis(2, 2)
(i) jy d.t=‘[(«xz +8x -10) dx
=--§x’+4x1—l0x+C

4
Shadedma=L v dx

= [—-};xJ +4x% - lO.r]

4
= 9% units’
2

43. Subst. x=0, gives A(0, 2)

o2 8 :
Volume = 7 —2—2 dy

S 3
y=j(—2-t' +8) dx = —;.tl +8x+ K

Subst. (2, 12) gives, K = 4

L

2

y===2 484 3
3 3

o dy 2 d
(i) a=-2x +8, atx=3 ay=—10

=-05 units /s, Decreasing.

45, Idy=j(-%-l)dx > y=iz—x+K

X
Subst. (2, 4) gives, K = h)

~ cquation of the cyrve - y= 4. X+5
2
X
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46. ) Subst eg. of line into eg. of curve, we have
27 “11x+S=0 = (2r-I¥x-95)=0

|
=‘='2‘0!’5. ~a=5

[ 3 3
'{Qx—n? 1, 1 J 9 2
S|l -7x 4-x| =—unts
3 3 3 ]! 4
dy 18 d 2
7. ) ZL__ . at A(3, 1), __z
dr  (2x+3)° P %9

Equation of tangentat A: 2x+9y =15

(i) Subst x =0, into eq. of AC gives y=1.67
~ Cis(0, 1.67), = C isnearerto B.

3 2
(iii) Volumc=rrj( L )d.x
0o\ 2x+3
3
=81xJ' (2x+3)7% dx
0

3
=-ﬂrr l =97 units’
2 2x+3 |,

48. () Subst y =0, into eq. of curve,

xx-2P%=0 = x=0o0r2 . a=2

(ii) %=3x2—81+4=0 = (x=2)(3x-2)=0

w |

= x=2 or x=§, Sob=

(iii) Shaded arcath x(x-2)% dx
0

2
=I (x* —4x? +4x) dx
0

2
4
4
=[L——13+212J 4 units’
4 3 0o 3

- d’y 4
iv) For min. , —5=6x-8=0 = x=-—
(iv) For min. grad o 3

2
. d-’:s(i) 8342 8
dc |3 3

49. (i) Equationof AB: y+dx=5§
At B, y=0, Bis(%, 0)
Equationof AC: 4y-x=3
At C, x=0, . Cis(0, %)

g7

2
i) [4C = Ja-0) +(1-3)? -

2
(iii) Area under curve =I| (x-2)"dx

=[("‘2), ]2 = l umtl

Shaded area = area under curve —area of A
1 1 5 3
R l)—_l = — e
3 2( (4 ) pry unit

6 6
50. y:I-deX = —;+K

Subst. (2, 9) gives, K =12

. equation of curve: y=-—+12
x

3

| 3
5 2x+5)2
51. y=.|‘(2x+5)2 dx = (2x+3)7 x; ) +C

Subst. (2, 5) gives, C = -4
3

2
. equation of curve: y= M_4

3
d - d 3
52, () L=-ax2-1, At B4, 0, ZL-_2
dx e 2
Equationof BC: 2y+3x=12

Put x =1, in BC gives y=%, S Cias(l, %)

4

(i) Area under curve AB:J. (8x 2 —x)dx
I

L ! 17

=|16x?-—| =—

24 2

Area under tangent BC = %(3)(%) = 2—47-

Shaded area = - - 27 = 1 unit?
> 4 3

o dy 1 d
53, (i) = =-6(3-2x)? -2 Y_._.x
. (3-2x)°, at x T @

. Eq.of tangent: y=-24x+20
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1
2
gnder curve = 3-2y)}
Asea uncer L( 2x)’ dx

o™
| L3
; "’[“(3—2”‘]2 .8
| ' o 8
1 Amofmpezmmundernngcm
_,.(-)(8+20)
22
65 9
. Shaded area = — -7 = —
8 8umt
& 3 d
Yo _5(5x-6) 1, Arx=2 ¥__3
al g dc 8
2 dx
=_5 z
@ g ek
y 2 4 oy
=|2(5x-6)2| =2
II Sx-6 {5( *=6) ]3 5
d" ) dV
—=-8x""+2, Atx=]l, —=-
. @ o X x=1 o 6
dy

. —=-6x0.04 = -0.24 units/s
dr

S/

(i) Vol.=x L~+2xj dx
¢\ X ;
3\
=n lﬁ+3"+4x dx
-7 ———+T’x+—— ‘] ~ 852 units’
L 42

-

) , X
f(x)=j(x 24 de = -2x T+x+C
Subst. (4, 5) gives, K=2

21
< f(x)=-2x 24x+2
3 dy
o Y- 2+ A(0,2), ;’:1
de  Jx'+4x+4
-, Equation of tangent: y—2=x

2=vx'+4x+4

(i) Eliminaling y, we get, X+
é = (x+2) —x‘+4x+4
" P rdx+d=x 4 i 4x+4

2_ =0 = x= 0, or x==lI

=

= X

—

Tope 10-Answers (7)

0 2
(iif) Volumc=gj (./,‘i';'.'m) dx
-} /

0

=xI (x‘+4x+4)d!
4’ " n 3
BK[-X—‘+2X2§4I} =-5—ﬂ’ units
5 -1

§8. (i) Subst Line into curve, We have,
o +d4x+c-8= 0
Apply, b’ —4ac=0
= (4) -4(c-8)=0 = c=12
(i) Subst. Line into curve, W€ have,

P adrs3=0 = x=-10f

Area = j; ((8—2x—x2)—(2x+ll)) dr

=J':; (-3—4.:-;:2) dx

-1
3
=[—3.\:—2x2 __x___] =% unit?

x=-3

3]

d
59. iil:j(zx—l)dx - £=x2—x+c

32
X X
=————06x+—
Y 32
For max. pt. iiX=xz—)‘:—6=0 = x=3or-2
dx
. . 6
Subst. x =-2 into y gives, ¥ :?5

4
maximum pointis (-2, 10 'g)

Loy l
60. (i) —
(1) e
2 3
Iydr=8x+§(4_x)2 +K
iy At x=3, -1
de 2

. 1
Equation: y—7=5(x—3) = y= %(.r+ll)
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(iii) Shaded area |
= area under curve — area under tangent line
) 3

3'[(3-,/(44)) dx - .-%(xdh dx
0

0
3 - 13

3
= l ;
—_-(8;&2(4—:)2 - : —*l]x
3 o ‘L

L

=S—8~-—3—5' = ‘7— Unitsz

3 4 12
61. The line meets the curveat x=3 and x=7
Shaded area = area under curve —area under line

7 7
=J'(-.r’+12x-20) dx - J'(zx+1) dx
3 k)

X 2 ' 2 4
=[-——3—+6x —ZOx} -[x +.r]3

3

=1—i‘i—44 = 2 units?
3 3

62. _\'::2-»! = xl=y-1
> 5
. y
Volumc=x.[‘ (y=-1)dy = ﬂ{T—yJ
=87 units’

63. (i) "

) d
For y=—x* +1, grad. Y
Y 7 grad. at (2, 3) & 2
:la'n’"l"—'2 = ’"1:63.40
1
For y=(4x+1)2, grad.at Q: Q=Z
) de 3
= anm = = om =337

a=m-m, =29.7°

2 R
2 1 T
(i) Shaded area :I(4x4l)1 dt—j(i el dx
2
0 0

64. () 3Wrx=x+2

= Or=x’+4x+4 = ! _S5x+4=0
x=1or x=4

When x=1, y=14+2=3

When x=4, y=4+2=6,

AL )
. B4, 6)

4 4
(ii) Shaded area = [ 3Jx dx - [(x+2) dx
| |
[ 1]4 o
=222 | | 2| =14-2L oL i
X | |:2 x:|l > zumts

3
65. (i) %=—12(3x+4) 2,

At x=0, ii}—l=—i, = grad. of normal =
dx 2

w | ro

Equation of 4B: y=%x+4

2 20 20
At x=4, y=—@A)+4=—, - B4, —
y=3® 3 )

(i) Total area (P+Q) = %(4)(4 + 2—30) = 5’31 units’

4
R 8
Areaof P=| ———— dx
b VQ3x+4)
16 ! ,
=[——\/(3x+4)} =—3—2- units”
3 o 3
64 32 32

Area of Q = Ty units®

2 2 .
66. f(x) =I (5-2x")dx = Sx—-‘% +K
Subst. (3, 5) gives, K =8

f(x)= 5x—§x3 +8

. 20 4\
67. (i) Volume=ztj ( ) dx
1\ 2x—1
2
=l6zrj (2x-1)7? dx
I

:—Rn[ l ‘l :%(1,1 units’

_?.X‘l |

Z

[

)

W

W

(94

Sub

10
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==t

m“ofmmﬂm 1’2, ~8

(2x-1)?
Cnd,ofline, normal tome._'_
2l 2
ST N C SRR
> u-l=22 = ya3 o 1
,,,l y=— 2
AT TR
1 4
aax=-—T, yE——— = _
27 24y :

3 1
Subst. (3! 2) and (—5, —2) into line, normal

7

1o the curve, gives, C=£ or —
2

3
(2x+1)2

+

1
68. ’-I(2X+l)2 dx =
Subst. P(4, 7) gives, K = -2
3

2x+1)2

! . equation of curve : T =2

Equation of AC: y=-6x+21

Subst. y =0, into AC gives, x=%

x-coordinate of C =%

3 )
(= x9 == ts”
)'2)( uni

|

(i) Areaof A under AC =

3
Area under curve AB =J‘ (9+6x-3x") dx
2

=[9x+3x2 —x’]; =5 units’

Shadedarca =Z41—5 = '} l.milS2

1
Y _j0+a0t, AUPGS), -
dx
Gmdicntof PQ=—5

o, (%)(_%) =-1, - PQisanomal.

. (i)

L]

(i) Volume forcum-xj ((lbh)

9 /J

-x[x‘h’]: = T8x

I (s 0,
Volume for line PQ-;:(S) (2) = 3
284
.. Total volm-78x+—";9-x = —S—x units’

]
71. (i) %:-2:{9-2:’) 2

d I
At x=2, ﬁz-d, = gndofnormll’;

Equation of AP: 4y=x+12
Subst. y =0, into AP gives, A(-2, 0)

I
Subst. x =0, into AP gives, B(0, E)

2-2 1+0 1)
:d-poi |2 “Z|=|0, —
Mid-point of AP ( > 2 ) ( 2)

9
(i) y=v9-22* = x -=- L4
For y-intercept, put x =0,

3 2
Volume = III 2 dy
12 2

= —9- —-}i 3—lilnrunits3
2776 T

72..() f'(x)=2-2(x+1)"2, f(x)=6(x+1)"
at x=0, f'(0)=2-2=0,
f (x) has a stationary point at x =0

£f'(0)=6(0+1)*=6 >0, - minimum
Gy 48] = [0+ 1) +(3-3)? =i4—° units
|
(iii) Area under curve A8 ='[ (21+(r w1 )\ir

9
729 is?
4 3 nits

Area of trapezium under 4B = l(3)(3 + 2)
272 4

=9un't 2
T its



AL Mathemancs (P1) Topic 10 -Answers | 10 |
L) @ 2 3
73. Volme=x| |12-2/| 4 P.® g = -Mkx-3)T+k=0
e ! .\‘" :
.2 = —* _sk=0 > (&-I'-=1
=x (l“_\“‘ —48)"2 44)4;‘ (kx - 3)
1’ ) = Xgl or K=%
= -ﬂpﬂfu,] =22x units’ ay 3
L )' ) Jl -—‘—:u‘(h-})
2
4. jdv=js«s-zxr=¢x = y=45-20"+K Atx=%. d—zl.-a—u‘ . Maximum
Subst (2, 7) gives, K =3 s dy
4 At x==, —==2k’, . Minimum
equation of curve: y= +3 koad
(5-2x) .2 N
2 (i) Volume =17 [(x—})“ N (x—-3)] dr
y 1 Jo
78 Voh.um=xj {(:’H)I]dx -2
o\ -z [(x—3)'2+2+(x—3)2]dr
: -0
=x| X'+ i 3]?
e = —(x-3)_'+2x+(—x———3l-]
. q2 L 3 0
X | .3 -
=g|—+x| =6xunits 14 26 40
4 Jo = (—J— ——] = — 7 units’
3 3 3
dy
76. @ AtP(L9). -=6+k
6+k=2 = k=-4
- 3 3 2
(ii) )’=I(6:‘-4x' ydr = 2x +—+K
2
Subst. P(l, 9) gives, K =5
equation of curve: y=2x3+%+5
77. @) Subst y=0, gives, =2, -~ A7, 0)
(ii) Area of the shaded region
! 1 !
=I’ (1-2x)? dx—.[z (2x-1)* dx
0 0
|
[ 3 ]2 !
_[ (1-2x)? | -[m—n’}z
5 L L6
S T B
= ———=—unts
3 6 6 e

1
78. Idy=8[(4x+l)—idx = y=4V4x+]1 +K

Subst. (2, 5) gives, K = -7
- equation of the curve is: y =4v4x+1 -7



